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ABSTRACT

This paper is concerned with the measurement of productive efficiency.

Farrell's measures of efficiency are generalized tononhomogeneous

production functions. Several new measures of efficiency have been

introduced and applied to the Swedish milk processing industry. The em

pirical analysis is based on a complete set of cross section- time

series data for a period of la years of 28 individual plants producing

ahomogeneous product, pasteurized milk. Industrial structure and

structural change are examined by both studying the shape of the

efficiency distributions for the individual units and their changes

through time. The aggregate performance of the sector is studied by

the development of the different measures of structural efficiency.



l. Introduction

The seminal paper by Farrell [1957] on the measurement of productive

efficiency has inspired several studies during the last years on best

practice technology and efficiencymeasures. See e.g. Aigner & Chu [1968],

Seitz [1970] and [1971], Timmer [1971], Todd [1971], Carlsson [1972],

Meller [1976], F~rsund & Jansen [1977], Meeusen & van den Broeck (1977)

and Schmidt & Lovell [1977].

However, all these studies are cross section studies and based on

estimation of efficiency relative to a frontier production function of

the Cobb-Douglas type (with the exception of F~rsund & Jansen [1977]),

excluding the possibilities of studying the impact of scale economies on

technical efficiency.

In this study Farrell's measures of efficiency are generalized (see

F9Srsund & Hjalmarsson [1974a] to nonhomogeneous production functions, and

applied to the Swedish milk processing industry during the period

1964-73. The analysis is based on a complete set of cross section

time series data for the 10 years for 28 individual plants producing a

homogeneous product, pasteurized milk.

The purpose of efficiency estimates at the industry level is to meas

ure the relative performance of the plants or firms within an industry, and

thereby to give a picture of the structure of the industry. For background

considerations regarding efficiency measures, their interpretations and

implications, see F9Srsund & Hjalmarsson [1974a]. In this study industrial

structure and structural change is examined by studying both the shape of

the efficiency distributions for the individual units and their changes

through time. The aggregate performance of the sector is studied by the

development of the different measures of structural efficiency.

There are two different methods to form a basis for measurement of

efficiency, either to estimate an efficiency frontier or to estimate an

explicit frontier production function.

Farrell's method is based on estimating a convex hull of the ob

served input coefficients in the input coefficient space when assuming

production functions homogeneous of degree l, and expanding the space to

include output when assuming increasing returns to scale, i.e. an effici-



2.

ent surface is obtained for each value of output (Farrell & Fieldhouse

[1962]. One disadvantage of this method is that a convex hull is an

unduly pessimistic estimation of smoothly curved efficiency frontier

isoquants. Another more serious disadvantage is that direct estimation

of the efficiency frontier does not in general give enough information

to get the whole representation of the production function which is

necessary for establishing the efficiency measures employed in this study,

when working with inhomogeneous functions. Even if the method of Farrell

& Fieldhouse in principle, is applicable for one of the technical

efficiency measures, for discrete leve~of output, it is very cumbersome

empiricallyand to our knowledge only one study has followed that

approach. See Seitz [1970].

The method adopted here for estimation of efficiency measures is

based on the estimates of the best-practice frontier or frontier produc

tion function which is a natural reference or basis for efficiency measures

within an industry. The estimation method and empirical results are

set out in F~rsund & Hjalmarsson [1977]. The estimated function is given

~n the Appendix.

Three types of efficiency measures are usually distinguished: tech

nical efficiency, scale efficiency, and price - or allocative efficiency.

Below we are only concerned with technical efficiency and scale efficiency.

These measures concern a certain plant or finn within a sector. For the

industry as a whole, different measures of structural efficiency are also

constructed and computed.

Originally Farrell's measures of efficiency were generalized to non

homogeneous production functions in F~rsund & Hjalmarsson [1974a].

However, in this paper these measures are further elab()fated~,)some new

measures of pure scale efficiency are defined and the relationship be

tween the different measures and the scale proper ties of the production

function are also shown.

All our measures hold generally for nonhomogeneous production

functions. The measures are ray measures i.e. the distance between an

observed unit and the reference path is measured along a factor ray.

In general this can be justified by the splitting of total efficiency

(original ly due to Farrell) into two components, one showing potential

cost reduction due to a proportional movement along a factor ray (tech

nical efficiency and scale efficiency) and another showing the potential

cost reduction due to movement along an isoquant (price efficiency).

In this study we are not concerned with price efficiency.
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2. The efficiency frontier

Efficiency measures and especially scale efficiency are of ten based on

unit requirements of inputs, i.e. the production function, f, for a m~cro

unit is transformed from the factor space into a space of input

coefficients ~ = (~l""'~n):

vx = f(--- x) = f(~x)x
(l)

where x ~s output and v is a.vector (v=vl, ••• ,v
n

) of inputs.

This transformation forms a set of feasible input coefficients bound-

ed towards the origin and the coordinate axes of the factor space under

certain restrictions on the forms of the micro unit production functions.

A sufficient restriction is that the functions conform to the "regular ultra

passum law" defined by Frisch [1965]; see also the analysis in F~rsund [197lJ.

The set of input coefficients is not bounded for functions homogeneous

of a degree # l, but collapsing to a single curve for homogeneity of

degree l.

AssQ~ing functional forms resulting in input coefficient sets bounded

towards the origin and the coordinate axes of the factor space, the follow

lng definition is made:

Definition: The efficiency frontier for an industry consisting of m pro

duction units is made up of all points where the input coefficients (~l""'~ ); n

obtain thcir minimurn values along rays through the origin. Under our regu-

larity assumptions all such efficiency frontier points are boundary points

of the feasible production set.

The efficiency frontier ~s the locus of all points where the elastic

ity of scale, (=1, i.e. it is a technical relationship between inputs per

unit of output for production units of optimal scale. Thus the efficiency

frontier represents the optimal scale of the frontier production function.

The frontier production function and the efficiency frontier are

illustrated in Figures l and 2. These figures are also utilized for il

lustration purposes of the different measures of efficiency below. In

Figure l the production function, f, (x=f(v)), is cut with a vertical

plane through the origin, i.e. v indicates a factor ray. The point p is

an observed unit with inputs and output denoted by (vo, xO). The tech

nically optimal scale is denoted by X. In Fig. 2 optimal scale of the

production function is transformed to the input coefficient space for the

two-input case. Point A, of course, lies on the efficiency frontier. B and
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C are the transforrned points of the production surface ~n Fig.l correspontt

d ' o *
~ng to output levels x and x respectively and D is an observed point
o o o o

(vl/x ,vZ/x ) corresponding to P in Fig.l.

x
x=f(v)

v

p

---------------------------

------------------
----------------~--------~

o

Figure l. The frontier production function cut with a vertical

plane along a ray through the origin. ~E(O,l).

V2
X D

0&...------------. Vl-X
Figure z. The efficiency frontier.

3. Technical efficiency

As shown in F~rsund and Hjalmarsson [1974a] two different measures of

technical efficiency denoted by El and E
Z

can be defined when allowing

for production functions homogeneous of a degree different from l or ~n

homogeneous production functions. An illustration of the measures is

provided in Fig.l and 2.
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One measure, El' is obtained by eompan.ng an obscrved point of input

requirements and output (vo,xo), with the input requirements on the frontier

production function corresponding to the observed output. In Fig.l

El = Il (2.)

where ].l i.s found by solving for Il from x
O= f(].lv

o
)

The measure shows the ratio between the amount of inputs required

to produce the observed output with frontier function technology and

the observed amount of inputs. ( Input saving measure.)

In the input eoeffieient spaee this means comparing an observed

input eoefficient point with the point on the transformed isoquant of

the frontier function corresponding to the observed output with the ob

served faetor proportions. By definition this transformed isoquant

must lie eloser to the origin. The measure will then show the relative

reduction in the amount of inputs needed to produce the observed output

with frontier funetion teehnology with the observed faetor proportions.

In Fig. 2

E~ = OB/OD (3)

Another measure, E2, ~s obtained by comparing an observed point of

input requirements and output (vo,xo ) with the output obtained on the fron

tier production function for the same amounts of input. This output

is only possible to obtain when having an explicit production function.

In Fig.l

o
E = _.:.;x_

2 f (vo)
(4)

The measure shows the ratio between the observed output and the

potential output obtained by employing the observed amount of inputs

in the frontier function. ( Output increasing measure.)

In the input requirement space this means comparing an observed

point with the point on the transformed isoquant of the frontier production

function corresponding to the output obtained by employing the observed

amount of inputs in the frontier function. In Fig.2

E2 = OC/OD (5)
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These two measures will in general not eoineide exeept in the

case of linear homogeneity. There exists an interesting relationship

between El and EZ and the elasticity of seale ( or the passus eoeffieient

in the terminology of Friseh [1965]). In Friseh [1965], p 73, there is

a formula (an identity) ealled the second form of beam variation

equation whieh states that under a proportional variation of inputs

o o o
f(]lv l , ]lvZ' ••• ]lvn ) (6)

- l E: (T) l l
where E: = J --- dT / J - dT whieh is a weighted average of the]l T ]l T

elasticity of seale in the interval between xO and x* o F O l1n 19••

Rearranging (6) yields

]lE: or
(7)

o
(f(]lV )

In f (vo)
In ]l

Substituting for El and EZ we obtain

(8)

>
Thus El < EZ for E:

> L
<

As stated above the two measures eoineide when f 1S homogeneous of

degree one.

The ranking of units aeeording to the two measures of teehnical

efficieney eoineides if the elastieity of seale is eons tant or does

not pass through the value of l in the sample. As we have ehosen El

and EZ to be figures with values between O and l, El is greater (smal

ler) than EZ when the average of the elasticity of seale is greater

(smaller) than one. Thus in Fig.Z we have arbitrarily ehosen El < EZ.

In empirieal studies the ehoiee between the measures has to be

determined by the objective. If the amount of resources is assumed to
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be fair ly constant, e.g. a fixed total employment, then E2 is the

relevant measure. If the framing of the problem 1S such that output 1S

assumed to be constant, then El is the relevant measure.

The efficiency measures derived from the production function

specification employed in this paper are shown in the Appendix.

4. Scale efficiency

A measure of scale efficiency shows how close, 1n some sense, an observed

plant is to the optimal scale. Three different measures of scale efficien

cy are defined here though, due to limited space, only one of the meas

ures is shown in the empirical part of the study. These measures are

of special interest in a long run analysis of potential passibilities

of increased productivity.

The first measure of scale efficiency, E
3

, shows the distance,

1n terms of input coefficient reductions,from an observed plant to

the optimal scale 6ft the frontier function and in Fig.2

E~ = OAloD..) . (lO)

The interpretation of the measure is the relative reductio~ 1n

input coefficients made possible by producing at optimal scale on the

frontier productian function with the observed factor proportions.

This measure is shown in the empirical part below.

E
3

is not a measure of pure scale efficiency. To obtain such a

measure one has to eliminate the technical inefficiency of the observa

tions by moving each observed unit to the surface of the frontier func

tian. This can be done in two different ways corresponding to the two

definitions of technical efficiency, i.e. by moving the units to the

frontier either in the vertical or in the horizontal direction in Fig.l.

When moving a unit in the horizontal direction the second

measure of scale efficiency, E4 , shows the distance from the transformed

isoquant corresponding to xO to the optimal scale and in Fig.2

E4 = OAloB (11)

When moving a unit in the vertical direction the third measure

of scale efficiency, ES ' shows the distance from the optimal scale



8.

*to the transformed isoquant eorresponding to x and ln Fig.2

ES OA/Oe (12)

The interpretation of E4 and E
S

is the relative reduetion in input

eoeffieients by produeing in optimal seale on the frontier funetion for t]

observecl factor proportions of a plant whose technical inefficiency has

been eliminated in two different ways eorresponding to the definition of

El and E2 respectively.

From the definitions of the effieieney measures (2),(3),(10),

(Il) and (12) it follows easily from Fig.2 that

(13)

and

(14)

As the effieieney frontier eonstitutes the limit towards the origin

of the feasible input eoefficients, E
3

always shows a lower value than El

and E2 exeept for units produeing exaetly in optimal seale on the frontier

production funetion.

Fram t9y, (13) and ~14) we alsa get that

In E
3
-ln E

S

In E3-ln E4

(15)

This formula shows the relationship between the scale elastieity

and the three different measures of scale efficieney. Thus, all measures

of seale effieieney can be expressed as a funetion of the average elasti

city of scale.

One must remember here that the average elasticity of seale E

depends on the observation chosen, i.e. a specifie S is obtained for

eaeh observation.

5. Struetural efficieney

In his original article Farrell also suggested a measure of teehnical

effieieney of the whole industry, i.e. a measure of struetural effiei

ency, by simply taking a weighted average (by output) of the teehnieal

effieieneies of its constituent produetion units. In this paper we have

extended the analysis of Farrell on this point and elaborate several

other measures of struetural efficieney.
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According to Farrell [19S7], p 262 the purpose of a structural

efficiency measure is to measure "the extent to which an industry

keeps up with the performance of its own best firms." In our context

we want the structural measures to reflect the same for the industry

as the individual efficiency measures show for a micro unit, i.e.

potential input saving (El)' potential increase of output (E2) and

potential reduction in input coefficents (E
3
-E

S
)'

The approach suggested by Farrell is to weightthe individual

measures by observed output leveIs. Thus, the first

measure of structural efficiency, here denoted by SO' is obtained

by taking the average of the El technical efficiency measures with

outputs as weights.

However the main problem with this approach is that the result

of this weightingscheme does not have a straight-forward interpreta

tion ln terms of the objectives of the structural measures.

Anotherapproach (indicated by Farrell's qualifications of the

weighted measure) is to construct an average plant for the industry

and regard this average plants as an arbitrary observation on the

same line as the other observations and then compute El' E2 and E
3

for this average unit. (In this paper the average plant is constructed

by taking the arlthmetic average of each amount of inputs and outputs).

These measures of structural efficiency are denoted by SI' S2 and S3

respectively where SI and S2 are measures of structural technical

efficiency and S3 is a measure of structural scale efficiency.

These three latter measures seem to be more satisfactoryas

measures of structural efficiency as specified above than the So

measure. However, the reason for calculating So is that is seems

to be the only measure of structural efficiency that has been utilized

in earlier studies. See e.g. Carlsson [1972].

By eliminating structural technical inefficiency by adjusting

the average plant to the frontier in the twodifferent ways corre

sponding to the El and E2 measures we obtain two other measures of

pure structural scale efficiency corresponding to E and Edenoted
4 S

by S4 and SS' It is obvious that

(16)

and

(17)
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Even in this case there exists a c1ear re1ationship between

the sca1e properties of the production function and the efficiency

measures. Because the average unit can be regarded as an arbitrary

observation the re1ationship between the different measures of structura1

efficiency and the average of the e1asticity of sca1e is the same as the

re1ationship between the corresponding E. measures. Thus
~

(18 )

and

(19 )

By analogy with the Ei measures S3 always shows a lower value

than Sl or S2 except in the case in which the industry consists of a

number of plants of optimal s~ze employing the same best-practice tech

nique, a situation that characterizes a long run equilibrium of an in

dustry. (See Hjalmarsson [1973] for a discussion of optimal structure

and structural change of an industry and long run equilibrium.)

Whi1e the relationship between SI and S2 is given by eq. (18)

it seems very difficu1t to estab1ish analytica11y how So is related

to the other measures. Averaging units with El = l yie1ds an average

with El < l if they have different factor ratios i.e. the frontier

units tend to contribute more to the So measure than the Sl measure.

The relative impact on So and SI of units below the frontier is diffi

cult tp assess. The resu1ts in Försund and Hjalmarsson [1976] indi

cated that when the dominant large unit was on or near the frontier

So was 1arger than SI. When the largest unit really was, highly

inefficient So showed a smaller va1ue than SI. In our empirical results

below So is always greater than Sl even in the year when the 1argest

unit has the lowest El measure. This illustrates the impact of the

whole structure on the difference between the measures.

6. The Data l)

In the empirica1 part of this study we have utilized primary data for

general milk processing from 28 individual dairy plants during the pe

riod 1964-1973. We have received all data from SMR (Svenska mejeriernas

riks'förening), a central service organization for the dairies in Sweden.

l) The same data set ~s utilized ~n Fl6rsund & Hjalmarsson [ 1977 ]
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The processing of milk in a dairy can be divided into different

stages of which each one can be referred to as a production process. The

data used ~n this study refer to one such production process,namely

general milk processing. This process includes reception of milk from

cans or tanks, storage, pasteuration and separation. All milk passes

this process before it goes further to different processes for consump

tion milk, butter, cheese or milk powder etc. Thus this stage defines

the capacity of the plant. Moreover, general milk processing is of ten

treate~ as a separate munit in cost accountings.

A strong reason for our choice of this part of a dairy is that it

makes it possible to measure output in physical or technical units (tonnes)

avoiding value added or gross output. This means that our estimated pro

duction function is more of a technical production function in the original

sense.

Thus milk is regarded as ahomogeneous product which ~s a very

realistic assumption. Output is measured in tonnes of milk delivered

to the plant each year. The amount of milk received is equal to the amount

produced. There is no measurable waste of milk at this stage. According to

SMR any difference ~s due to measurement errors.(Differences were of the

magnitude of kilos.)

The labour input variable is defined as the hours worked by produc

tion workers including technical staff usually consisting of one engineer.

Capital data of buildings and machines are of user-cost type, includ-
~

ing depreciation based on current replacement cost, cost of maintenance and

rate of interest. The different items of capital are divided into five dif

ferent subgroups depending on the durability of capital which varies between

6 and 25 years, so the capital measure is an aggregated sum of capital costs

from these subgroups.

Capital costs, divided into building capital and machine capital, are

calculated on the basis of these subgroups as a sum of the capital costs

of the subgroups. The capital measure has been central ly accounted for by

SMR according to the same principles for all plants and af ter regular

capital inventory and reva1uations by engineers from SMR. Afterwards we

have aggregated building capital and machine capital into one measure.

Thus we have assumed that the conditions of the composite commodity theorem
J

are fulfilled. In fact the relative prices of buildings and machine capital

have developed almost proportiona1ly during the 10-year period. The price

index has moved from 100 in 1964 to 158 in 1973 for buildings and to 161

for machine capital. An alternative wou1d be to retain the disaggregation
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of building and machine capital but in the case of a C-D kernel function,

implying a unitary elasticity of substitution, this seems to be a less

realistic assumption. Note that this capital measure is proportional to

the replacement value of capital, which can serve as a measure of the

volume of capital. See Johansen & S~rsveen [1967].

As the data arenot adjusted for capacity utilization we have in

vestigated a measure based on monthly maximum amount of milk received

compared with the yearly average. This ratio is fairly stable over time,

and the differences between plants are not very great. In consequence we

have not corrected for capacity utilization. The increasing output over

time for most of the plants support the assumption.

7. Empirical results

Structura Z efficiency

Let us first look at the aggregated picture of the industry. The estimates

of structural efficiency are presented in Table l below.

Table l. Estimates of structural efficiency.

So SI S2 S3 S4 Ss

The distance of The distance of The distance of S/SI S/S2the average plant the average plant the average plant
Year to the frontier to the frontier to the efficiency Pure scale Pure scale

function for given function for given frontier. efficiency. efficiency.
f-1eighted sum of output. amount of inputs.
~fficiency measures (Corresponds to El) (Corresponds to E2 (Corresponds to E3) (Corresponds to E4) Corresponds to ES)

1964 .7826 .7006 .6488 .6469 .9234 .9971
1965 .7465 .6941 .6337 .6305 .9084 .9950
1966 .7190 .6327 .5756 .5755 .9096 .9998
1967 .7018 .6264 .5622 .5619 .8970 .9995
1968 .6662 .6016 .5397 .5397 .8971 1.0000
1969 .6386 .5907 .5186 .5186 .8779 1.0000
1970 .6183 .5660 .4827 .4826 .8527 .9998
1971 .6561 .6004 .5020 .4994 .8318 .9948
1972 .6687 .6259 .5113 .5030 .8036 .9838
1973 .6475 .5928 .4715 .4658 .7858 .9879
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The interpretation of the SI measure is the relative reduction

in the amount of inputs needed to produce·the observed industry out

put with frontier function technology with the observed factor propor

tions. Thus the table shows that the same output in the different

years could have been produced by 70-59 % of the observed amounts

used.

'Bhe S2 measure shows the r:atioi'.'F!etween·'the observed output and the

output obtained for the observed amount of inputs by using frontier

function technology with the observed factor proportions. The

table reveals that observed output is between 65 % and 47 % of

potential output if the inputs were employed in units with frontier

production technology.

The S3-S5 measuresshow the relative reduction in input coef

ficients by producing at optimal scale on the frontier function with

the observed factor proportions. Thus e.g. for S3 the table shows

that at optimal scale on the frontier production function the poten

tial input coefficients are 65-47 % of the observed input coefficients.

The most remarkable result is the high level of structural ~n

efficiency measured by all the four measures SO-S3. Moreover, it seems

to be a clear decreasing trend in the values of structural efficiency

and not the contraryas most commentators on productivity differences

seem to assume. Thus the distance between average performance and best

practice has increased during the period. This result is confirmed in

a related paper,Försund and Hjalmarsson [l978],which studies the develop

ment of the distance between the frontier production function and the

average production function.

Even if the development of the efficiency measures SO-S3

is the same, the levels for each year differ rather much. For all

years SO>Sl>S2>S3' However, the difference between S2 and S3 is

rather small. This means, which S5 shows, that if the average plant

is moved to the efficiency frontier ~n the vertical direction rather

little is to be gained by moving it to the optimal scale. This

stems from the fact that the average amounts of inputs are about

the same as required at optimal scale for the first year and have

developed in the same way, as the amounts of inputs required at

optimal scale.
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On the other hand, if the average plant is moved to the frontier ~n

the horizontal direction there still remains some pure scale inefficiency

which increases rather much, from .92 to .79 during the period. Thus most

units become too small when they are moved horizontally to the frontier, a

tendency which is strengthened during the period. While optimal scale has

increased from about 49 000 tonnes in 1964 to 99 000 tonnes in 1973 the

average output has only increased from 29 000 tonnes to 39 000 tonnes.

The low level of structural efficiency has been confirmed for one

year in an earlier study by Carlsson [1972] who estimated So for 26 Swedish

industries in 1968 relative to a Cobb-Douglas frontier production function.

His estimate of So for the whole dairy industry in this year was 0.6184,

not too far from our own estimate that year. Moreover, it turned out that

the dairy industry showed t~e secondlowestdegree of structural efficiency

of the 26 industries. What is then the reason for this high degree of

structural inefficiency?

Carlsson [1972] tries to explain the differences in the efficiency

between industries by differences in competitive pressure and finds thatpro

tection seems to breed inefficiency. Of course, this can be one part of the

explanation of efficiency differences. However, if a putty-clay production

structure and embodied technical progress are empirically relevant, which

seems to be the case in most manufacturing industries (Salter [1960])

there will normally be differences between production units within an

industry. As pointed out in a comment on Carlsson's result (F~rsund &

Hjalmarsson [1974b]) the more rapid the technical progress the less effi

cient the industry may appear in an analysis based on cross section data

as in Carlsson [1972] depending on what happens to investment and the

rate of scrapping. Thus, if a faster rate of technical progress increases

the differences in efficiency between the best practice plants and the

industry average for a given rate of industry output expansion one can

as weIL state that technical progress breeds inefficiency.

The differences in efficiency can be perfectly efficient from an

economic point of view, as shown in Johansen [1972] and F~rsund &

Hjalmarsson [1974a]. Important explanatory factors of industry structure

at a point in time are then the forms of the establishment ex ante produc

tion functions within the industry, the rate of embodied technical progress,

and the expansion rate of the industry output.

A main characteristic of the technological structure of dairy plants

is that there are different substitution possibilities before and af ter in

vestments in new production techniques, i.e. one must distinguish between

ex ante and ex post production possibilities (Johansen [1972]). A putty-clay

structure, embodied technical progress and economies of scale in plant con

struction give rise to different vintages of capital.
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However, it is not possibleat our level of aggregation to identify

unique vintages. Technical change is characterized by successive improve

ments of different parts of the dairies as e.g. changes of milk reception

from cans to tanks and introduction of self-cleaning separators.

In F~rsund & Hjalmarsson [1977] it is shown that technical progress

has been rapid during the period. See also the Appendix below. In fact,

average cost at optimal scale decreases progressively from about 9% per

year in the beginning of the period to about 13% at the end of the period.

Thus one reason, and probably the most important one, for the

large and increasing differences between best-practice technology

and average performance must be the underlying technological structure

in combination with a rapid technical progress. Further aspects of

the efficiency differences will bediscussed below.

All plants included in this study have survived the whole period.

During the same time a lot of dairies have been closed down in Sweden.

Thus, the development of structural efficiency for all plants may have

been another than for the set utilized here.

TeehnieaZ effieieney and seaZe effieieney

The estimates of the individual measures of technical efficiency and

scale efficiency are presented in Fig 3-6 below for three different
;

years, 1964, 1968 and 1973. In the figures (which are computer plotted)

the units are arranged in increasing order of their efficiency values.

Each rectangle or step ~n the diagrams represents an individual unit.

Efficiency is measured along the ordinate axis and the percentage share

of output (accumulated) along the abscissa axis.
In these figures both the range and shape of the efficiency

distributions are illustrated. At the same time we can observe the

positions of the small and large units.

Let us first look at Fig.3-5 where the measures are shown separately.

The interpretation of the measures are shown in a few examples.

In 1964 the least efficient unit according to El produces about 3%

of total industrial output and has an efficiency value El about .50.

This means that the same output could have been produced by 50%

of the observed amount of input when utilizing best-practice technology.

The least efficient unit according to EZ also produces about 3%

of total output and has an efficiency value of EZ about .46, which

means that the observed production is only 46% of the output obtained

by employing the same amount of inputs in the frontier function.
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Let us also look at scale efficiency,E
3

, in 1973. The least efficient

unit with E
3

about . ZO producedl only about 1% of total output. If this

unit had employed frontier function technology at optimal scale, the

level of the potential input coefficients would have been only ZO% of the

actual observed. The most efficient unit that year with E3 about .76 pro

duced about 5% of total output. The level of its potential input coeffici

ents was then 76% of the actual observed if the observed amount of inputs

had been employed at optimal scale in the frontier production function.

As the figures reveal there is a large variation in efficiency

between the units for all years. The most striking example here is

the E
Z
-values for 1973 when the most efficient unit was on the frontier

(EZ=l) and the most inefficient one had a value of EZ=·Z4. Moreover

the range increased during the period in consistence with the develop

ment of the measures of structural efficiency.

The shape of the distributions also changed during the period.

Seen from the left to the right in the figures, efficiency decreases

rather continuously in 1964 but in 1973 the efficiency distribution

becomes more irregular except for scale efficiency which has a very

regular shape during the whole period.

As regards the position of the small and large units 1n the

efficiency distributions there 1S no clear relationship between

size and technical efficiency. In 1963 the largest plant and a very

small one were on the production frontier and in 1973 a plant of medium

size.

The development of the largest plant is interesting. In 1964

this plant was onthe frontier Le. E
l

=E
Z

=1. A1so in 1968 this plant

was rather efficient but in the last year its efficiency was reduced

dramatica11y especia1ly measured by El' but not so much by EZ' A

c10ser look at the data shows that the input coefficients of labour

and capital were fair ly constant for this unit during the period

while the input coefficients for labour decreased for most other

units being approximate1y constant for capital. Thus the productivity

of this unit has been fair1y constant at the same time as the fron

tier has moved upwards.

Because the frontier is estimated by LP-techniques the number

of units on the frontier are at most equa1 to the number of estimated

parameters, five here. The frontier is a1so usua1ly built up of plants

of different size, one large, one small and a few medium sized. A very

small plant with high input coefficients of both labour and capital

can be on the frontier because that plant is the most efficient of

that size.
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The differences in ranking the units according to El (constant

output) and EZ (constant input) are also clearly demonstrated in Figs.

3 and 4. Especially for the largest unit in 1973 the difference is

striking. According to El this unit is the most inefficient one,

according to EZ it has about medium efficiency. Thus it is not a

matter of indifference which measure is utilized when talking about

efficiency for individual plants.

As regards scale efficiency there is a clear tendency for the

large units to show high values. An exception is the largest unit

~n 1973 which has a rather low value of scale efficiency.

A further comprehensive view of the development of the effici

ency distributions is obtained in Fig. 6 where all the three measures

of efficiency El' EZ and E
3

are plotted at the same time as step

functions i.e. the top levels from the histograms are plotted in the

same figure, as an alternative to th~ histograms. The step diagrams

g~ve a good picture of the dispersion in the different measures and

the ranking of the units according to the different measures.

The total dispersion for all measures is somewhat reduced by

the changes in the ranking between the different measures, on

the same time as the range increases through time.

An alternative to the measures of structural efficiency above

~s to look at the the efficiency value of that unit which covers the,

50 % accumulated capacity point on the abscissa axis. These values

are indicated by dotted lines in Fig. 3-5. This median capacity

value of El' which is very similar to the value of SO' has decreased

from .79 in 1964 to .65 in 1973. This is about the same percentage

decrease as in the So and SI measures (about 20 %). The median capacity

value of EZ has decreased from .77 in 1964 to .55 in 1973 which is

about the same percentage decrease as ~n the Sz measure (about 40 %)

but on higher level. The median capacity value of E
3

has decreased

from .69 to .54 (Z8 %) which is a smaller reduction than for S3 (38 %).

Let us also look more thoroughly at the rankings between different

years,of the individual units in the efficiency distributions. We are

interested in investigating whether there have been any dramatic changes ~n

the rankings of the units during the period. Thus we have calculated Spear

man's rank correlation coefficient between the different years consecutively
J

and between 1964 and 1973 together with Kendall~scoefficientof concordance ,
denoted by W, for the whole period. The results are shown in Table Z below.
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Table 2. Spearman's rank correlation coefficient

between different years and Kendall's

coefficient of concordance, W.

Years El E2
E3

1964/65 .8544 .7969 .8402

1965/66 .7614 .8199 .9201

1966/67 .8856 .9595 .9625

1967/68 .8681 .8380 .8730

1968/69 .8027 .8210 .9373

1969/70 .7756 .7367 .7983

1970/71 .9146 .8544 .9086

1971/72 .8643 .9135 .9351

1972/73 .8593 .9245 .9688

1964/73 -.0282 .1073 .4072

W .5429 .6011 .7003

The table reveals a high correlation of efficiency rankings between

successive years, and highest for scale efficiency. Usually the corre

lation coefficient is in the interval between .80 and .95. There has not

been any dramatic changes in the efficiency rankings between a pair of

years but scale efficiency has been most stab le. The value of the coeffi

cient of concordance is rather high, but somewhat lower than the correla

tion coefficients for successive years, also indicating a high stability

1n the rankings.

On the other hand, there has been agradual change in the rankings

during the period, relatively small for scale efficiency but large for

technical efficiency. The correlation coefficient between the start and

end years 1964 och 1973 even shows a negative sign for El' An example

here is the largest unit which was on the frontier in 1964 but had the

lowest El value in 1973. The lower values of the coefficient of con

cordance, in comparison with the correlation coefficients for successive

years, also indicate this gradual change of the rankings.

We have also confronted the dairy experts of the Swedish Dairy

Federation with our empirical results and discussed the reasons for

differences in efficiency between the units.
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We got a confirmation that our results regarding the most and least

efficient plants were reasonable. Some differences in efficiency were

explained by the modernity of equipment while others were explained

by more or less skilful managements ( degree of X-efficiency). With some

simplification the small best-practice plants seemed to have good

managements while large efficient plants also had modern equipment.

8. Concluding remarks.

In this paper Farrell's measur~of productive efficency have been elaborati

and generalized to inhomogeneous production functions. Several new

measures of efficiency have been introduced and applied to the Swedish

milk processing industry. The development of the industrial structure

is studied by the change in the efficiency distributions for the individu;

plants through time and the aggregate performance of the sector is

studied by examining the development of the differenLmeasures of

structural efficiency.

The most remarkable result is the rather high distance between

best-practice and average performance measured by different measures of

structural efficiency. Moreover, this distance shows an increasing trend

during the period. These results are explained by rapid technical

progress in combination with an underlying putty clay technological

structure and a slow growth of investment. ~

The distribution of the individual measures of technical efficiency

ans scale efficiency revea~a large variation in efficiency between the

units for all years. Some of these differences in efficiency can be

explained by the modernity of equipment and others by differences in

management capability.



Appendix

As regards the form of the production function the fo11owing specification

is emp10yed'(cf Zellner & Revankar [1966]):

aCt) $(t)x 2 a (t)
x e = A(t) n v.j

j=l J

(Al)

Technica1 change 1S accounted for by specifying the possibi1ity of

changes in the constant term, A, and the kerne1 e1asticities, a., for 1a
J

bour, 1, and capital, K, and the sca1e function parameters a, $.

The corresponding e1asticity of sca1e function is:

sex, t)
1

a(t)+$(t)x
(A2)

E~ontier estimates

The estimated frontier production function 1S

0.32-0.0056.t (1.47-0.073·t).10-5 .x = 0.0024 10.81+0.0019.t. KO.19-0.0019.t
x e

t=l in 1964,

t=10 in 1973

The e1asticity of sca1e function 1S

s (x, t) = 1 --=-_

0.32-0.0056·t + (1.47-0.0073.t).10-5 .x

This means that optimal scale, x for s=l, 1ncreases from 48 644 1n

1964 to 99 325 in 1973.

The specification of the derived efficiency measures

To simp1ify the notation, the production function specified in (Al)

can be written as
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(A3)

where a, 8, A, and a. are all functions of time as indicated in (Al).
J

If optimal scale x = (1-a)/8 «A2) is solved for x with c=i) is inserted

1n (A3) considering that

[,.
1

V.
1

X
the efficiency frontier 1S obtained as

al an Ba-l
([,1 ,···,I;n ) • A • (_e_) = ll-a (A4)

The following efficiency measures are then derived (v~,
1

denote actual observations):

ox , oand [,.
1

a B oo x
x e

El = -----a.
A'TI(V~) 1

• 1
1

and (AS)

o
x

=-
x*

where x* 1S the solution of xaeBx
a.

= A.7T(V~) 1
• 1
1

(A6)

(A?)

LE l ·
. J
J

ox.
-l-
l: x~
. J
J

(AS)

a B(ll: o

(l ~
o x.)

xj ) n Je
SI = n J

l o a. (A9)
A·TI(-Lv .. ) 1

1 n 1J

l a.
A'TI(-l:v~.) 1

- 1Ji n

-o
x -o . d .S2 = -- where x 1S observed average pro uct10n
~*

h l · f a 8xas t e so ut10n o. x e =

e B l-a
(l-a)

S3 =-----------
l l a.

ÄTI( -4:v~. / -l:x~ ) 1
i n J TJ n j J

and x* is obtained

(AIO)

(All)
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