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Abstract

In this study a computable, multi-period general

equilibrium model of a smallopen economy is pre­

sented. The origin of the basic modeling approach

is the Norwegian so-called MSG-model, developed by

L Johansen in the late 1950's. As the present

model is intended to be a tool for analysis of

resource allocation problems related to changes in

international energy prices or domestic energy po­

licies, energy demand and the substi tutabiJ.ity of

energy and other factors of production are modeled

in some detail. That also applies to foreign trade

and the relation between world market and domestic

prices of traded goods. Foreign trade is modeled

by means of explicit, relative price dependent,

import and export functions derived on the basis

of the so-called Armington assumption.

In the model the supply side is considerably more

elaborated than the demand side. Thus, different

vintages of production uni ts are distinguished in

each sector, and there is a distinction between

the substitutability of capital, labor, fuels and

electricity ex ante and the corresponding substit­

utability ex post. On the other hand, the forma­

tion of disposable incomes is treated in a rather

crude way, and financial markets are disregarded.

The purpose of this report is to describe the

model in some detail, and to indicate the nature

of the solution procedure and some problems in

connection with the estimation of the numerical

values of the model' s parameters. In this report ,

however, no results form model simulations are

presented.
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l . Introduction

In this repor t a computable model of medium term

multisectoral economic growth in a small, open

economy is presented . The model is based on basic

notions of general equilibrium theory; supply and

demand factors interact and product and factor

prices are assumed to be flexible enough to ensure

equilibrium on all markets. However, the supply

side is considerably more elaborated than the

demand side. Thus, in each production sector diffe­

rent vintages of capital are distinguished and the

substitutability of capital , labor, and different

kinds of energy is modeled in some detail. Factors

such as the formation of disposable incomes and

the determination of savings, on the other hand,

are treated in a rather crude way. On the supply

side the substitutability of energy, labor and

capital, as weIl as the sectoral allocation of

energy, labor, and investments, is treated in some

detail. Accordingly, the model has been christened

ELIAS, ~nergy, Labor, Investment Allocation and

Substitution.

The general modeling approach is to emphasize the

in-terdependence of goods and factor markets, and

the role of relative prices in the medium t.erm

resource allocation process. Moreover, with two

t
, l ,

excep lons the structural equatlons of the model

are derived from explicit productian and preferen­

ce functions together with optimization behavior

assumptions rather than from econometric analyses

of the past behavior of the economy. To a large

extent the specification of the model, as weIl as

the estimation of parameter values, is directly

based on neoclassical economic theory. Accordingly,

the present model primarily is a tool for quan-ti ta-
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tive analysis within the conceptual framework sug­

gested by general equilibrium theory and thetheory

of economic growth, and in its present form it is

not primarily intended to be a forecasting model.

The origin of the modeling effort presented here

is the work of Johansen in the late 1950 I s. (See

Johansen, 1960.) However, Johansen I s original so­

called MSG-mode1 essentia1ly was a general equi1i­

brium model of a closed economy: net exports ente­

red as exogenously determined final demand compo­

nents and complementary imports were proportional

to domestic production. This property has been

retained in later Norwegian versions of the ~1SG­

model. (See for instance Longva et al, 1980.)

The first Swedish MSG-model, developed by Restad

(1976), incorporated a current account constraint.

On the basis of that constraint and fixed import

shares in the domestic production sectors and a

given composition of total exports, the "export

requirements" were ca1cu1ated. The compatibi1ity

of these "export requirements" and world market

demand conditions was then ana1yzed outside the

model. In a later Swedish MSG-model, developed by

the author (see Bergman, 1978), explicit price-de­

pendent export and import functions were incorpora­

ted. Thus, both the supply side and the demand

side of the "rest of the world" were taken into

account.

However, al though these models are models of

small, open economies, nei ther of thern incorpora­

tes foreign trade in a theoretica11y satisfactory

way. According to the conventional notion of a

"small, open economy", the prices of traded goods
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should be determined by and be equal to world

market prices. In the long run factor prices, and

the structure of the production system, in the

small economy have to adjust in order to maintain

equilibrium between world market prices and domes­

tic production costs. This feature of mul tisecto­

ral economic growth in open economies is, to a

varying extent, lacking in the MSG-models mentio­

ned above. This study is an attempt to incorporate

foreign trade in the MSG-model in away which is

consistent with the notion of a "small, open econo­

my" 2 as well as with observations on the actual

specialization pattern in the economy.

It is well-knownthat a mul tisectoral growth model

of an open economy with two homogeneous primary

factors of production, linearly homogeneous produc­

tion functions and parametric world market prices,

i. e. a model based on the standard assumptions of

the Heckscher-Ohlin model, fails to generate deve­

lopment paths similar to actually observed develop­

ment paths in real-world economies. Thus, while

there are, at most, two producing and exporting

sectors in the trade-exposed part of the model

economy in equilibrium (or, in general, m produ­

cing sectors if there are m homogeneous factors of

production) (see Samuelson (1953», real-world eco­

nomies exhibit a rather incomplete specialization

pattern in the production system. ~10reover, in the

model economy traded goods of a given type are

either domestically produced and exported or impor­

ted, while there is a considerable amount of

intra-industry trade even within rather disaggrega­

ted real-world production sectors.

Of course, there is a number of ways in which the

basic assumptions of the Heckscher-Ohlin model can
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be changed in order to achieve equilibrium alloca­

tions with several producing sectors in the trade­

exposed part of the economy as well as with intra­

industry trade. The approach adopted here is to

stay within the general equilibrium framework , but

add two factors of significant importance in a

medium term perspective: The immobility of the exis­

ting capital stock, and the heterogeneity of pro­

ducts of the same type but with different country

of origin. 3 The "smallopen economy" ass umptions

are retained in the sense that the model-economy is

assumed to face a perfectly elastic supply of im­

ports. Moreover, it is assumed that the development

of production less export in the rest of the world

can be treated as an exogenous magnitude in spite

of the fact that the import of the home country is

the export of the rest of the world.

Explicit recognition of the immobility of the exis­

ting capital stock affects the assumptions about

supply conditions in. the Heckscher-Ohlin model; a

distincton. has to be made between production func­

tions ex ante and ex post. If the ex ante supply

conditions are represented by a linearly homogene-

ous neoclassical production function in capital

and labor, and capital becomes an immobile resour-

ce once it is invested, the ex post production

function will exhibit decreasing returns to scale

in the only variable facto r ,labor. According ly,

unit production costs will be a function of the

level of output, and a given production sector can

always maintain international competitiveness by a

suitable change in the scale of operation. Conse­

quently, complete specialization is avoided.

Explicit distinction between products of the same
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type but with different country of origin, togeth­

er with the assumption that these products are

not perfect substitutes 4, implies that consumers

at home, as well as abroad will demand both impor­

ted and domestically produced units of products of

a given type. Consequently, there can be both

import and export of each type of tradable goods

in equilibrium.

This approach to the treatment of the intra-indu­

stry trade phenomenon was initially proposed by

Armington (1969) and has later on been employed in

several numerical general equilibrium models .:, It

should perhaps be noted that the "Armington assump­

tion" implies that each trading sector in each

country produces a unique good. Thus, even if the

production functions are linearly homogeneous in

the variable inputs, the relation mentioned above

between the number of homogeneous factors of pro­

duction and the number of producing sectors in

equilibrium does not hold when the Armington as­

sumption is adopted.

The purpose of this report is to describe the

model and discuss its implementation on actual

data. In Section 2 a one-sector version of the

model is presented. There are two reasons for

beginning the presentation by considering an aggre·­

gated version of the model. One is, of course,

that it is easier for the reader to get an over­

view of the model when it is presented in a conden­

sed form. The second reason is that the mechanisms

generating economic growth in the model-economy

can be demonstrated without complicating the pictu­

re by sectoral disaggregation. Thus, when the com­

plete multi-sectoral model is presented in Section
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3, the exposition can be focused on the treatment

of intermediate inputs (particularly energy), the

allocation of household expenditures between types

of consumer goods, and the allocation of gross

investments between production sectors. The proce­

dure used for solving the model is brie fly descri­

bed in Section 4, and in Section 5, finally, some

problems related to the practical implementation

and use of the model.
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2 • A One-Sector Version of the Mode1

To begin with we consider a case where only one

type of output is produced in the domestic produc­

tion system. It is convenient to structure the

exposition with respect to the three markets deal t

wi th in the model: the commodity market, the labor

market, and the capital market. For each one of

these we consider the determinants of supply and

demand, and specify the equilibrium conditions.

2.1 The Commod Market

On the supply side there are "two sources: import

and domestic production. The "home" country is

assumed to be small enough to face a completely

elastic supply of imports. Thus, any demanded quan­

tity of imports in period t, MD(t), is supplied at

the price pM(t) = V(t)pvH(t), where V(t) is the

exchange rate in period t and p~VI (t) is the world

market price, in foreign currency uni ts, of the

imported commodity in that period.

The domestic producers face an ex ante production

function, f(K,L,t), which is linearly homogeneous

in capital, K, and labor, L, and has the usual

neoclassical properties .6 It is assumed that once

an investment is carried out, the invested capital

becomes an immobile resource, subject to deprecia­

tion at a constant annual rate. Thus, assuming

that the ex ante production function is a Cobb­

Douglas function, the technological constraints on

the production system can be characterized by a
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set of ex post production functions

u=O,l, •.. ,t-l (1)

where KO (O) is given as an initial condition and

K (t) is exogenously given by

u=O,l, ••• ,t-lj t>O

and where 6 is the exogenously given rate of depre­

ciation and I (u) is gross investment in period u.

The exogenously given rate of emboded technical

progress is represented by the shift parameter A

in the ex ante production function.

Assuming optimization behavior on the part of the

producers, technological constraints and producer

behavior can be summarized by a set of profit

functions, one for each vintage and time period.

These profit functions can be written

l-a

II (p,Wjt) = K (t)eAU(l-a) a
u u

l a-l

p a v'l a •

By Hotelling's lemma (see for instance Varian,

1978) the supply from an individua1 vintage of

production units is given by the partia1 derivati­

ve of the profit function with respect to the

price of output. Thus, it ho1ds that

( 2 )

and the total supply of domestically produced

goods is



x(t) =
t-l
I

u=O
x (t);

u
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( 3 )

It is assumed that imports qualitatively differ

from domestieally produeed eommodities, and that

there is a eons tant elastieity of substitution, ~,

between the two sources of supply in all domestie

uses. Thus, domestie users demand as CES-eomposi­

te, Y, of imports and domestically produeed eommo­

dities, defined by a time-independent "produetion"

function

~-!.

Y = {dd(X-Z) ~

where Z is export of the domestieally produeed

eommodity.

The priee index I pD (t), of the eomposite good is

defined by the unit eost funetion eorresponding to

the "produetion" funetion defining the eomposite

good. Aeeordingly

(4)

produeers receive p(t) for

the importers reeeive pM(t),

Thus,

their

while

the domestie

produets and

the domestie eonsumers pay for the

composite good they eonsume.

The demand for the eomposite good is the sum of

eonsumption and investment demand, i. e. the sum of

C(t) and I (t) • By Shephard's (see for instanee

Varian, 1978) lemma the demand for domestieally

produced goods per unit of eomposite goods deman-
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is given by the

with respect to P.

for the market

~ 14 -

partial derivative of 4J{P,

Thus, the equilibrium condi­

for domestically produced

goods can be written

or

X(t) = d Il ( PD ( t.l ) Il
d p{t) {C{t) + I{t)} + Z{t); (S )

where Z(t) is the export demand for domestically

produced goods.

In a parallel way the equilibrium condition for

imported goods becomes

M{t) (6)

Division of eq 5 by eq 6 yields another expression

for import demand (using the definition pt4 (t) =

V{t)pWI{t))

~1 (t)

Assuming that the import to the "rest of the

world" from the "home" country can be described by

an import function of this kind, and also assuming

that the "home" country is small enough to make

X(t) - Z(t) "" X(t) in the rest of the world, the

export function of the home country becomes
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( 7 )

where zO is a constant , € the elasticity of sub­

stitution between domestically produced and impor­

ted goods in the "rest of the world", pWE is the

price of goods and (J is the rate of growth of

production in the rest of the world. '/

The demand for composite goods for investment pur­

poses is derived from an assumption that a fixed

fraction, s, of total factor income is saved, and

that the sum of domestic savings and the CU1-rent

account deficit is spent on fixed investment. Thus

it holds that

(8)

The demand for composite goods for consumption

purposes is determined by the budget constraint of

the eons uming sector and the savings behavior as­

sumption introduced above. If the budget constraint

of the consuming sector is explicitly incorpo­

rated in the model, an equilibrium solution will

imply CUlTent account equilibrium by Walras I law.

Al ternatively a CUlTent account constraint can be

incorporated as a way of implicitly defining the

budget constraint of the consurning sector. The

latter approach is adopted here, and thus

pD(t)C(t) is implicitly determined by

( 9 )

where V(t)D(t) is the exogenously given CUl-rent

account surplus.
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2.2 The Labor Market

The supply of labor, L(t), is completely inelastic

and determined outside the model. The allocation

of the labor force over vintages is, however deter­

mined within the model, and in such away that the

total demand for labor equals the supply. Thus the

labor market part of the model can be described by

means of one single equation; the equilibrium con­

dition for the labor market. By Hotelling I s lemma

this condition can be written

t-l
L(t) = I

u=O

or

all >(p(t),W(t);t)
u

y-l AU w(t)
L (t) = \' K (t) e (-,.;-~'r--'f'-T)L \l-a P t

u=O

l
a (10)

In this part of the model the real rate of inte­

rest is determined by ,the process in which new

vintages of production units are created. In the

one-sector version of the model the creation of

new vintages of production units is essentially

equivalent to the choice of capital intensity in

the new vintage. This is because the gross savings

ratio is exogenously given. Thus, the overall rate

of capital formation is not related to the real

rate of interest.

The choice of capital intensity in new plants
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depends, among other things, on the expected

future prices of output and labor. Price expecta­

tions are represented by the following functions

(Il)

(12)

where pet) and W(t) are the prices which produ­

cers expect to be the represenative, or average,

prices during the life-time of the production unit

under construction.

The parameters cP and CW are simply tools for the

specification of different expectation formation
. h P VVmechanlsms. Thus, w en C and C are equal to

unity, price expectations are "statie". The variab­

les pF(t) and wF(t) are exogenously determined.

They can either be regarded as weighted averages

of previous prices and wages, or as some kind of

official price and wage forecast. If cP = CW = O,

and pF (t) and vl' (t) are given appropriate values I

a case with "rationaI" expectations can be simula­

ted.

New production units are designed on the basis of

the ex ante production function, or, equivalently,

the ex ante uni t cost function. The equilibrium

real rate of interest, R(t), should be such that

the expected unit production eost in produetion

units under eonstruetion should be equal to the

expeeted priee of output. Thus, denoting the ex

ante unit cost funetion by K (W, Q; t), the real

rate of interest is determined by the equilibrium

eondition
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or, with d·) wri-tten in explicit form,

p(t) = l
Ate

-a
a (13)

where Ej (t) the "user cost of capital", is defined

by

(14)

The equations of the one-sector version of the

model are displayed in Table l. As can be seen in

the table, the complete model can be described by

means of Il equations in Il unknowns.

Table l The of the One-Sector Version

of the ~lodel

X(t) =
t-l

1: X (t) =
u=O u

t-l
1: K (t)

u=O u

a-l

(
vv(t) )~.-

TI
~--\~r-, ;l-alP tl

M(t)
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z(t)

Current Account Constraint

p ( t ) Z ( t ) == pM ( t ) M( t ) + V( t ) D( t) ;

Savings - investment equilibrium

sp(t) X(t) - V(t) D(t) == pD(t) I(t);

d l.1 (pD(t»)1.1 { }X(t) == d PTtT- C(t) + I(t) + Z(t);

Labor Market librium

L(t) ==
t-l
I

u=O
K (t)

u

l

( w(t) ) o:
TI=a)i?TtT

P(t)= -A.t
e

-o:
o:

Definitions

l

pD(t) = {d~P(t)l-1.1 + d~ pM(t)l-l.1}l-l.1;



- 20 -

p(t), pD(t), vv(t), R(t), X(t). C(t), I(t), Z(t),

As has already been mentioned , the basic elements

of the model are contained in the one-sector ver­

sion. By disaggregating the mode l into several

sectors, however, it becomes a tool for analysis

of structural changes, hidden in the growth pro­

cess generated by the one-sector model. In order

to extend the model presented in this section into

a mul tisectoral model, basically three addi tional

features of the economic system have to be incorpo­

rated: interindustry transactions, allocation of

consumer expenditures between categories of consu­

mer goods, and allocation of investible funds be­

tween investing sectors. The difference between

the one-sector model discussed so far and the

multi-sectoral model presented in the next section

is that the latter includes mechanisms which can

handle these types of phenomena.
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3. The Mu1tisectora1 Mode1

Basically the exposition in this section is struc­

tured in the same way as in Section 2. That is,

supply and demand factors as weil as equilibrium

conditions for each one of the commodity, labor,

and capital markets are dealt with in separate

sub-sections. Before that, however, the necessary

background for the exposition is given in three

introductory sub-sections. Thus, a general over­

view of the model is given in 3.1 and in 3.2 the

goods and sectors in the model economy are defi­

ned. In subsection 3.3 the assumptions about tech­

nology are discussed, and the unit cost and profit

functions utilized later on in the exposition are

derived. Then the commodity, labor and capital

markets are dealt with in sub-sections 3.4, 3.5

and 3.6 respectively. In s ub-section 3.7 the com­

plete model is summarized. All symbols used in the

exposition are defined in an appendix to this

section.

3. l General Characteristics

The model is a multisector, multiperiod model of

economic growth in a small, open economy, i.e., an.

economy facing a perfectly elastic supply of im­

ports at given world market prices. It is assumed

that capital once invested in a specific sector

cannot be reallocated to some other sector. Moreo­

ver, technical change is assumed to be embodied.

Consequently there is a number of "vintages " of

capital in each production sector at a given point

in time.
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The total supply of labor is given, and so is the

gross savings ratio. For each period the model

endogenously allocates the available labor force

over sectors and vintages, and total gross invest­

ments over sectors. Investments in period t gives

productive capacity from period t+l and on. The

allocation mechanisms are derived from optimiza­

tion behavior assumptions. Thus, producers are as­

sumed to maximize profits subject to technological

constraints and the single aggregated household

sector is assumed to maximize a utility function

subject to a budget constraint.

Technological constraints and the utility func­

tions are exogenously given and explicitly speci­

fied. (The choice of specification is discussed in

Section 5.) The public sector is treated as a

produc"tion sector in which the use of inputs is

determined on the basis of cost minimization consi­

derations. The demand for public services is exoge­

nously given.

There are no financial assets in the model, and

the exchange rate is exogenously given. The budget

constraint of the household sector is implicitly

determined by a constraint on the current account.

Thus, the tax and transfer system is essentially

implicit in the model. All product markets and the

labor market are treated as if they were competiti­

ve, and generally relative prices are assumed to

be flexible enough to clear all markets. However,

in another version of the model, rigidities in the

adjustment of real wages are introduced.
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3.2 Goods and Sectors

The model describes an economy with n+3 production

sectors producing n+3 goods. There is no joint

production , and consequently each good is produced

in one sector only. Accordingly I there is no real

distinction between domestically produced goods

and the domestic production sectors. However I when

it is natural to think in terms of "sectors" the

index j will be used , while index i will be used

when it is natural to think in terms of "goods".

The production sectors are numbered from O to n+2 ,

O being the fuels production sector and l the

electricity sector , while n+l is the housing

sector and n+2 the public sector. Foreign trade is

ruled out in the last two sectors I as is exports

from sector O. There is also a "book-keeping"

sector , n+3 , in which different goods are aggrega­

ted into one single capital good.

Thus , the economy producers n+3 goods of which ni

at least in principle I can be exported • Imports

are classified by means of commodity index running

from O to n. In addi-tion to these n+3 goods , two

types of complementary imports are used within the

economy. These complementary imports are inputs

used in the fuels and electricity producing sec­

tors I respectively I and which cannot be produced

wi thin the country. Examples of such inputs are

crude oil used in domestic refineries in a country

without oil resources , or enriched uranium used in

domestic nuclear power plants in a country without

uranium enrichment capacity.
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The basic assumption about technology is that

there exists a constant return to scale ex ante

production function in each sector, i. e. a rela­

tion between planned output and the planned use of

inputs. This relation is specified in accordance

with

X. = min
J

{ (
~ ~ ~ ~ )f. K., L . , Xo . , X .. ; u ,

J J J J 1J

X
2

. X.
~:I, ••. ,..El}
a 2j a nj

j=O,l, •.• ,n+2

where Xj is output, Kj the use of capital, L j the

use of labor, Xij the use of intermediate input i

in sector j and ~ indicates the ex ante nature of

the variables. The coefficients a 2 j' ..• , anj indi­

cate the minimum input of the corresponding good

per unit of output in sector j. The variable u is

a time index, indicating that the ex ante produc­

tion function shifts over time.

On the basis of the ex ante production function

efficiency requires that

j=O,l, ..• ,n+2

~

X ..
1J

~

= a .. X.;
1J J

i=2, 3, ••• , n j=O,l, ••. ,n+2

In parametric form the functions

CES - Cobb Douglas functions. Thus,

f . ( • )
J

are nested

X. = A. {a.F~j
J J J J

l

+
~ Pj}Pjb.H.

J J
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a. l-a. A..u
F. = K.JL. Je J

J J J

H.
J

~ Yj
= {c.xO · +

J J

-l -l
where (l-Pj) and (l-Yj) are

substitution, and A. j and A. j are

rates of techno1ogical progress.

elasticities of

exogenously given

Whereas the ex ante production function is a p1ann­

ing concept, the ex post production function is a

relation between actual output and the actua1 use

of inputs. It can be derived from the ex ante

production function by assuming that the capital

stock and the energy input coefficients are given

once a production uni t has been taken into opera­

tion. Moreover, it is assumed that the once instal­

led capital equipment depreciates at a given,

sector specific rate. This means that the ex post

production function in period t for vintage u in

sector j can be written

x . (t) = min
UJ

(t) X .(t)
"_,_",-,,,-_,__ , • • • , _u ~l_",_,,_}

a .un]

j O,l, ... ,n+2

function g . ( .) is directly
uJ

production function by

where X .(t) and L .(t) are production and employ-
uJ uJ

ment, respectively, in vintage u in sector j, and

a O. and a l' are minimum energy input coeffici-
u J u J

ents. The production

related to the ex ante

g .(L .,t) = f.(K.,L.,XO"X1"u}
uJ uJ J J J J J

subj 1:0

K - I.(u}(1_6.}t-u-l
J J

t > u + l
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a O.X .u J uJ

a I'X .u J uJ

where Ij(u) is the gross investment in seetor j in

period u. Using the symbols of the ex ante produe­

tion funetion, the funetion g .(e) thus beeomes
uJ

g . (L ., t)
uJ uJ

(l-a. )
L. J:::

uJ

l-a
_A .(t)L.

uJ uJ
j

Effieieney requires that in eaeh time period,

seetor and vintage, it holds that

l-a.
X .(t) = A .(t)L .(t) J

uJ uJ uJ
j=0,1, ••• ,n+2

u = O,l, ••• ,t-l

X .. (t)
U1J

a ..X . (t) when i = O, l
= I U1J uJ

a ..X . ( t) when i = 2, 3, ••• , n i1J uJ
j = O, l, ... , n+2

u = 0,1, ••• ,t-l

Observe that energy input eoeffieients differ

aeross vintages in a given seetor , while that is

not the ease for the non-energy intermediate eoef­

fieients. Note also that the input of labor per

unit of output is dependent on the level of produe­

tion. Thus, while the ex ante teehnology exhibits

eons tant returns to seale, the ex post teehnology

exhibits deereasing returns to seale.
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wi th these equations the

is complete. However, as

vior on the part

throughout, it is

representation of

Thatvior.

a dualusetoconvenient

description of technology

profit maximization beha­

the producers is assumedof

more

technology and producer beha­

describe the ex ante technology

ante unit cost function and theex

tois,

of anmeansby

ex post technology by means of profit functions

for each vintage of production uni ts. This means

that input demand and output supply functions can

be determined without explicitly making use of

necessary conditions for profit maximum. However,

before the derivation of the cost and profit func­

tions, the input and output prices facing the

producers have to be defined.

In accordance with ·the assumFtion that the modeled

economy is "small", i t is assumed that there is a

perfectly elastic supply of imports at world

market prices p~I (and P7 for complementary im-
1. 1.

ports) . As these prices should be regarded as

c.Lf. prices, tariffs and indirect taxes have to

be added in order to get the market prices of

imports. Moreover , as p~JI is a price in foreign
.1-

currency units, it has to be multiplied by an

exchange rate. Thus, the relation between c. i. f.

import prices in foreign currency, p~I, and domes-
J.

tic market prices of imports, p~, is given by:
1.

i = O,l, ... ,n 8

(15)

The variable V(t) is

change rate. Moreover,

import good is taken

the exogenously given ex­

V(t)p~I(t) where is a major
J.

to be t.he numeraire of the

price system, and is accordingly set equal to
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means

market
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that the other p~I (t) : s repre­
1

priees relative to the world

domestieally

Thus, if the

market priee of the numeraire good.

It is assumed that imported and domestieally produ­

eed goods with the same elassifieation, say i, are

not perfeet but relatively elose substitutes,

Thus, equally elassified goods from the two soure­

es of supply are aggregated into a eomposi te good

in aeeordanee with some "produetion" funetion re­

presenting U1eir substitutability. This funetion

is assumed to be a CES-funetion and to apply to

all domestie users of the goods in question.

Under these eonditions the unit eost of eomposite

good i is solely a funetion of the priee of impor­
Mted units of good i, P. (t), and the priee of
1

produeed units of good i, P.(t).

"pr iee" of a eomposite good, P~(t),
1

is defined as the unit eost of that good, we get

p~(t)
1

= <jJ. (p . (t), P~: ( t) )
1.~ 1

Il. l-Il·
{ l () 1- dd' P . t +

1 1

i = O,l, ... ,n (16)

On the basis of Shepherd's lemma (see Varian,

1978) the demand for domestieally produeed goods

of type i per unit of eomposite good i demanded is
Mgiven by the partial derivative of <jJ.(p., P
1
.) with

1 1

respeet to P.. The demand for imported goods of
1

type i is determined in aparallel way.

As there is only one type of labor in the model
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economy and a competitive labor market is assumed ,

there should only be one wage rate. However, in

order to make it possible to roughly take labor

heterogeneity into accoun't, an exogenous wage

structure is imposed. Thus the seetoraI wage rates

are defined by

(17)

where Tvv. (t) is the
J

index of the general

specific parameter.

seetoraI wage rate,

wage rate and w.
J

w( t) an

asector

Energy prices might differ across sectors as a

resul t of sector speci fic energy taxes. Thus, i t

holds that

P .. (t) = (l + 1:. (t) + ?;, •• (t)) P Dl'
lJ l lJ

i = 0,1,

j = 0,1, • •• I n + 2 (18)

where 1:. (t) is a general tax on energy of type i
J.

and ?;, •• (t) is a specific tax on the use of that
J.J

kind of energy in sector j.

actualconcerningDecisions production are based
D D

on current market prices, i.e., POj(t), Plj(t),
D D ( )P
2
(t), ... ,P (t), w. t , and the ex post production

n J
functions, while decisions concerning the design

of new plants are based on expected prices and the

ex ante production functions. Expected prices of

outputs and inputs respectively, are determined by

P. (t)
,~

o
= C.P. (t) +

J. J.
i=O, l, ... , n+2 i (19)
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i=O,l, ••. ,ni (2 O)

P. (t)
l

c c C CF .= ~.V(t)P. (t) + (l-~. )P. (t)i l=O,lil l l l (21)

W. (t)
J

j=O,l, ..• n+2i (22)

h=O, I, C, W, a ease with

be stimulated, while

are exogenous variables.

of values of these vari-

hFP. (t), h=O, I, C, W,
l

appropriate ehoiee

and setting ~J;=l,. l

expeetations canrationai
h
~.=l, h=O,I,C,W, implies static expeetations.

l

Throughout expeetations about indireet taxes and

tariffs as weil as about the exehange rate are as-

where

By an

ables,

sumed to be static.

The user eost of eapital is determined by

P +3 (t) ( Ö • +R ( t) ) i
n J

j=O,l, ••• ,n+2 (23)

where

n
\' ~D
L P. (t) a. +3 i

i=2 l l,n
(24 )

where the eoeffieients a add up to unity,
i, n+3

and where R(t) is the real rate of interest •

The profit funetion for a produetion unit of vin­

tage u in sector j can now be defined as the so­

lution to the problem

l-a.
{p* .X . -W .L . II = A . (t) L . J}

uJ uJ J uJ uJ uJ

j=O,l, ••• ,n+2i u=O,l, •• ,t-li
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where, 9 in a given time period t,

l
P*.(t) = (l-e.)p.(t) - 1: P .. (t)a ..

uJ J J i~O 1J U1J-

n D C j=O,l, ••. ,n+2
1: P.(t)a .. - V(t)P.(t)b.. (25)

1'=2 1 1J J JJj u=O,l, ••. t-l

In explicit form the profit funetion beeomes

0:. 0:.

P*. Jvv . J j
uJ J

11 .(P*.,vJ.jt)
uJ UJ J

l
0:.

= AuJ(t) J O:j(l-CX j )

l-o:.____2
0:.

J

l
o: -l

(26)

j=O, l, ••. , n+2

The ex ante unit eost funetion represents the

minimum eost of inputs per unit of output at given

priees, subjeet to the ex ante produetion funetion

in per uni t form. As the ex ante teehnology exhi­

bits constant returns to scale, the ex ante unit

east is independent of the expeeted level of pro­

duetion, and thus a funetion of expeeted input

priees only. Aeeording to the ex ante produetion

funetion, non-energy intermediate inputs are used

in fixed proportions, while the proportions of

other inputs can be varied. Thus, disregarding

time indiees the ex ante uni t east K j is given by

the funetion

j=O, l, ... , n+2

where the net unit eost funetion Kj (.) represents

the minimum eost of labor, capital, fuels and

eleetricity per unit of output. The other terms

(27)
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represent the cost of non-energy intermediate

inputs, complementary imports and an ad valorem

output tax, respectively.

Thus, the net uni t cost function K~ ( • ) is the
J

solution to the problem

l
Min ......

X

j

subjeet to

l--
...... Pj ...... Pj} pj

X. = A. {a.F. + b.H.
J J J J J J

a. l-a. A.U
...... J'" Je J

F. = K. L.

J
J J

l-
A~Uy. '" Yj Yj'" {c .XO ' J JH. = + d .Xl . } e

J J J J J

for j = O, l, ••• , n + 2.

In explicit form the net unit east function thus

can be written

K~ (W. , Q . , P o . , PI . ; u)
J J J J J

l

l
l-p.

= - I JA. a.
J J

l l
y.

l A. -l p. p.-l
~.__J_.~_ "-~- "_.._2._ .:..l-..

l-Pj -A*U -y. y.-l -y. A.-l y. p.-l p.
+ b. [e (c. J Po / + d. J P1j

J ) J J J I J
J J J

j=O, l, ••• ,n+2 (28)

Having now defined the prices, cost and profi t

functions of the model eeonomy, the derivation of
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the complete model is quite straightforward.

Output supply and input demand functions can be

directly derived from the eqs (26) and (28), which

are thus the main building blocks of the model.

3.4

3.4.1

By Hotelling's lemma the supply of

produced goods from productian units

in sector j is given by

domestically

of vintage u

j=O,l, ... ,n+2

u=O,l, •.. ,t-l

Thus, on the basis of this equation and eq (26),

total supply of goods produced in sector j is

given by

x . (t) =
J

j=O,l, ... ,n+2 (29)

There are four types of demand for goods produced

in the home country: intermediate, consumption,

investment and export demand. The first three

types of demand are derived from the demand for

compos i te goods, while export demand is a direct

demand for domestically produced goods. Investment

demand is implicitly determined by the savings-in­

vestment equilibrium condition, while the other

types of demand have to be explicitly specified.
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Intermediate Demand for ite Goods

By the technology assumptions the demand for inter­

mediate inputs is given by

x .. (t)
lJ

t-l
L a ..X . (t)

Ul J u J
= I U=O

a· .X. (t)
lJ J

when i=O,l

j=O, l, •.. ,n+3
when i=2, 3, ••• , n

(30 )

3.4.3

There is only one aggregated household sector in

the model. It is assumed that the household sector

maximizes a utility function of the form

u(t) =
k
I ~s = l

s=l

where Q (t) is the consumption of a consumer commo-
s

ditY group, defined as a convex combination of the

composite goods i = 0,1, ••. , n and the domestical­

ly produced good n + l. The constraint on the

parameters ~s implies that the resulting linear

expenditure system will satisfy the budget con­

straint. The resulting household demand equations

for composite goods can be written

C. (t) =
l

k
I t. {QO

s=l lS s

~
+ s

pQ(t)
s

(E (t) -

i" = o, l, ••. , n+ l

where E(t) is total household consumption expendi­

tures, and
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1 n D
l: P. (t)t. + l: P.(t)t. + p l(t)t 1

i=O lC lS i=2 l lS n+ n+ ,s

s=l, 2, ••• ,k (3 2)

D
= (1+ 1:. (t) + 1;. (t) Pl' (t) ;

l J.C
i=O,1 (33)

and where
n+l
\'t. =1­. !J lS

1=0

3.4.4

and the defini-

(16»), the demand for competitive imports

directly from the demand for composite

Thus, import demand can be written

On the basis of Shephard I s lemma

tion of the price of composite good i (see eq

follows

goods.

M. =
l

n+3
{ l:

j=O
X .. (t) + c.(t)};
l) l

or, in explicit form,

M. (t)
l

n+3
{ I

j=O
x .. (·t) + C.(t)};
l) l

i=O, 1, ... ,n (34)

import at

where tl>?l
taxes on

is competitive import at con­

prices. In accordance with the

18, the corresponding

constant c.i.f. prices is M. (t)/(l+tl>?),
l l

represent base year tariffs and indirect

imported goods of type i.

Observe that M. (t)
1

stant purchaser I s

discussion on p.
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The demand for complementary imports follows from

the technology assumptions, and can be written:

c
M.(t) = b .. X.(t)

] JJ J
j = 0,1 (35)

Export demand can be regarded as the import demand

of the rest of the world. By assuming that there

is a constant elasticity of substitution, E., be-
~

tween goods produced in the rest of the world and

goods with the same classification produced in the

home country, the export demand equations can be

written:

°Z. (t) =Z. I
~ ~

E.
~ a.t

~e i=l, 2, ••• ,4 (36)

where a. is the exogenously given rate of growth
~

of the production of commodity group i in the rest

of the world.

3.4.5

The derivation of the equilibrium conditions is

straightforward. Thus, by Shephard's lemma and the

definition of the price of composite good i the

equilibrium conditions for the markets for domesti­

cally produced goods become

X,(t) =
~

o<jJ. (p . (t) , p ~ ( t») n+ 3
~ ~ ~ { I X.. (t) + c. (t)} + Z. (t) r

P. . ° ~J l ll J=

i=O,l, ••• ,n (37)

or, in explicit form,

X. (t)
l

D( ) Il.Il· P. t l
= d ~(l )

di p,(t)
~

n+3
{ I
j=O

X.. (t) + c. (t) } + z. (t) r
l] ~ l

i = 0, 1, "" n

(38)
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i = n+l, n+2 (39 )

(40 )

Observe that C
n

+
2

(t) is the exogenously determined

public consumption.

The budget constraint of the household sector is

indirectly defined by a CUlTent account constraint.

Thus, it is assumed that an "invisible government"

instantaneously adjusts taxes so that household

consumption expenditure is kept at a level compati­

ble with a target surplus (or deficit), V(t}D(t},

on the current account at the given level of

public expenditures. Thus, each solution to the

model will satisfy the condition

n
LP.(t}Z.(t} -

i=l J.. J..

n

L
i=O

P~(t}M.(t} -
J.. J..

l
L V(t}P~(t}M~(t} = V(t}D(t}

j=O J J
(4l)

It is assumed that a given fraction, s, of the

gross national product at market prices, Y (t), is
m

saved. Consequently the savings-investments equi-

librium condition becomes

(42)

where I(t} is total gross investment and

(43 )

y (t)
m

n
= E(t}+P +2(t}C +2(t}+P+3(t}I(t}+ L P. (t}z. (t)

n n n i=l J.. J..

M. (t) l
__J.. + L V(t)P~(t}M~(t}~

i+4>? j=O J J
J..
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and where the price of capital goods is given by

Pn+3 =
n D
I P. (-t) a . +3 ~. 2 l l,n1=

(44)

Substitution of (41) and (43) in (42) yields the

following expression for the savings-investment

equilibrium condition

s
l-s {E(t)+Pn+2 (t)Cn+2 (t) }-V(t)D(t) = Pn+3I(t) ~ (45)

3.5 The labor market

By Hotelling I s lemma the demand for labor by pro­

duction units of vintage u, sector j is given by

on .(P*.(t),W.(t),t)
__uI_~l~ ._l._.__.._.___ = - L . ( t) ~

ow. uJ
J

or in explicit form

j=O, l, .•• , n+2

u=O, l, ••. , t-l

L . (t)
uJ

l
((. W.(t)

= Auj(t) J ((l-~-;r~~';rt»)

l
((.

J.
I

j=O, l, ••• ,n+2

(46)
u=O,l, ... ,t-l

The equilibrium condition for the labor market

becomes

t-l n+2
L(t) = I I L . (t) (47)

u=O j=O UJ

where L(t) is the exogenously given supply of

labor.
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One step towards a full representation of the

economy I s properties in the short run is to relax

the assumption about fully flexible real wage

rates. In an alternative specification of the

model, real wages are assumed to be flexible only

upwards, l. e. a minimum wage rate W(t) is incorpo­

rated. The labor market equilibrium condition (47)

is then replaced by the condition

(47 ' )

t-l n+2
UJ ,W( t) when L LJ u=O j=O

W (t) = I
j t-l n+2

UJ,W(t) when L L
j J u=O j=O

011: . (p* , (t) , UJ ,w(t) i t )
u J u1 ~~,_~_,l,,_~_,~~_ " L ( t)

oW,
J

011: ,(P*. (t) , UJ ,w(t) , t )
~W~-~~',,2,,_,__,_,_,_ > L (t)

j=O,l, ••• ,n+2

where thus W(t) is the exogenously given index of

the minimum real wage level, and W(t) is an index

of the market clearing real wage level.

In order to make the model complete, it remains to

allocate gross investments over sectors, determine

the technological coefficients in production units

which are to be taken into operation in period

t+l, and to determine the real rate of interest.

These three aspects of a solution to the model

obviously are closely interconected, and the pur­

pose of this sub-section is to discuss in some

detail how the links between investment allocation,

choice of technology and the real rate of interest

are specified in the model. However, it should be

stressed that even though the discussion is entire­

ly based on theoretical considerations , the equa-
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tions in this part of the model are not derived

from neoclassical economic theory in the some

direct way as the equations in other parts of the

model. It should also be stressed that the main

role of the equations discussed here is to provide

the links between the various periods. That is,

the equations (15)-(47) make up a complete model

of resource allocation in period t, while the

equations dealt with in this sub-section, "crea­

tes " the new vintages of productian units to be

taken into operation in period t+l.

In equilibrium the expected rate of return on

marginal investments should be equal to the real

rate of interest in all sectors. Thus, defining

n "'D
= (1-0.)P.(t) - I P.(t)a ..

J J i=2 l 1J

'" ",e
V(t)P.(t)b . . j

J JJ

j=O,l, •.. ,n+2 (48)

total investments should be allocated between the

sectors in such away that

n+2
I I. (t)

j=O J
I (t) j (49)

where I j (t) is gross investmen-ts

period t, and the real rate of

satisfies the conditions

in sector j in

interest, R(t),

P~(t) = K~(w.(t),Q.(t),PO.(t),Pl·(t)jt)
J J J J J J

j=0,1, ••. ,n+2 (501)

where, as before,
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j=O,l, •.• ,n+2

However, as the model is specified there is no

mechanism which could equalize the expected rates

of return on investments across sectors. This is

because the variables P~ (t), which are determined
J

by the equations (19)-(21) and (48), only reflect

current prices and a set of exogenous variables.

As the current prices of output and input can be

determined prior to the solution of the capital

market part of the model (by means of equations

(15)-(47») the variables Pj(t) are in effect exoge­

nously determined in the present context. Thus the

expected rate of return on investments in sector j

is independent of the amount of investments in

that sector.

It may seem natural to change the specification of

the price expectation equations (19)-(21) in such

away that an inverse relation between the amoun·t

of investments in sector j and the expected rate

of return on investments in that sector was incor­

porated in the model. However, such a relation

would be difficult to specify on theoretical

grounds, and perhaps even more on empirical

grounds. An alternative approach would be to

retain the price expectation formation equations

(19) - (21) in their present form, and to design an

investment allocation mechanism which tends to

equalize the expected rate of return on invest­

ments across sectors only in the long run. In that

case there are many possible specifications, and of

these two will be discussed here.

with exogenously determined expected prices of out­

puts and inputs, there is, of course, no reason to
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expect the equations (50') to be satisfied for an

arbitrary value of the real rate of interest.

However, by introducing a set of, positive or

negative, excess profit rates, r~(t), the follow-
J

ing equality can be established on the basis of

Shephard's lemma

p~(t) =
J

K~(W.(t),Q.(t),PO·(t),Pl·(t);t) +
J J J J J

j=O,l, ••• ,n+2 (50")

Next i t is assumed that investments in sector j

will

that

take place

investment

in period t only if r~(t»O, and
J

in sector j is an increasing

function of rj (t) when rj (t) >0. On the basis of

this rule, the following sectoral investment func­

tions can be specified

ö.x.(t)
J J

= I
O

OK~(·) r~(t) + R(t) P j
_J__~ (·-I---

R
( t"::\------ )oQ. -J

J
when r~(t»O

J
(51' )

when r~(t)<O
J

j=O, I, ... , n+2

and again R(t) is determined by the capital market

equilibrium conditian (49). Observe that the ex

ante unit east function is evaluated at the user

east of capital measure Qj(t), Le. the capital

intensity of new production units reflects the

real rate of interest, R(t).

\'Vith this specification investments are made only

in sectors where the expected excess rate of

return is non-negative. If r~ ( t) =0 gross
J

invest-
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inversely

the r~ (t)
J

P~(t+l)
J
in the

paribus,ceteris

related to I. (t). Thus,
J

tend to be equalized across sectors.

ver,

ments in sector j will be just enough to maintain

the capacity in that sector, while additional pro­

ducers will be attracted whenever r~ (t) >O. Moreo-
J

will be

long run

However, the problem with this specification is

that there is no reason to expect the r~ (t) to. J
tend to zero in the long rune Since the value of

R(t) is determined by the capital market equilibri­

um condition, it might happen that all sectoral

excess profit rates attain a common positive

value, r* (t) • In that case the expected rate of

return on marginal investments will be equalized

across sectors but higher than the real rate of

interest. This is a strange situation implying

that the choice of technology in new production

units is based on a capital cost measure which

differs from the opportunity cost of capital.

An alternative approach, and the one adopted here,

is to compute a set of sectoral internal rates of

return, R. (t), on the basis of the equilibrium
J

condition.

p ~ ( t ) = K*. (W. (t) , Q . (t) , Po . (t) , PI . (t) ~
J J J J J J

(50)

j=O,l, ... ,n+2

where Q. (t) is redefined in accordance with
J

Q.(t) = P+3(Ö.R.(t»)~
J n. J J

j=O,l, .•• ,n+2 (52)

and let the sectoral investments be determined

by 10
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OK~(·) R.(t) P j
6 jX j (t) -d5";--- (. ~(tr)

= I J

O

when R. ( t) >r ( t)
J

(51)
when R. ( t) <r ( t)

J

j = 0,1, ... , n+2

priees

intens-

where r( t) can be interpreted as a market rate of

interest, and K~(.) is evaluated at the

w.(t),Q.(t),Po.(t~\,Pl.(t), i.e the capital
J J J J

i ty of new production uni ts in a given sector j

reflects the expected internai rate of return on

investments in that sector. This implies that in

each sector the producers take the expected rate

of return on investments in that sector as a mea-

sure of the real rate of interest.

Hi th this specification there is an inverse rela-

tion between I j (t) and p.(t+l). Thus, whenever
J

eurrent prices affect the priee expectations,

there is a tendency towards equalization of the

expected internal rates of return on investments

aeross sectors. This means that in the long run

"the ehoiee of technology in new production units

will re fleet the opportunity eost of capital,

while it will be largely unaffected by current

market interest rates.

On the basis of Shephard's lemma, the energy input

eoefficients in production uni ts of vin"tage t is

determined by

;i=O,l (53)

j=O, l, ... , n+ 2
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v~iththis a solution to the model for period t

provides all the da"ta necessary for solving the

model for period t+l, i. e. the ex post production

function units of vintage t are specified.
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The model presented here is designed for analysis

of the ad jus tment of the economy to changes in

exogenous conditions such as world market prices

or energy prices. In the initial year there is

only one vintage of capital in each production

sector, but then a new vintage is created in each

period. Thus the size of the model increases with

the number of periods even though it is solved for

only one period at a time.

In Table 2 below, the complete model is summarized.

A complete list of the symbols used is given in

the appendix to this chapter.

Table 2

Supply of domestically produced goods

01t.(·)
X .(t) = ~~i

uJ uJ

j=O, l, ••• , n+ 2

u=O, l, ••• , t-l

X.(t) =
J

t-l
l:

u=O
X .(t)i

uJ
j=O, l, ••• ,n+2

Irlterrnediate Demand

X .. (t)
1J

t-l
l: a ..X . (t)

u=O U1J uJ
= I

a ..X . (t)
l) J

when i=O,1

j = O, l, • • • , n+ 3

when i=2,3, ••• ,n

Household Demand

k
C,(t) = l: t. {QO +

l s=l 1S s
(E (t) -

i=O,l, ••• ,n+l
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Export Demand

o P.(t) e. a.t
Z. (t) = Z. (_. 1. .) 1. e 1.

1. 1. V(t)pWE(t)

Import Demand

i=1,2, ••• ,n

M. (t) =
1.

o<v. ( .) n+3

~ { . I
oP. J=O

1.

X .. (t) + c. (t)}~
1. J 1.

i=O, l, ••• ,n

cM.(t) = b ..X.(t)~
J JJ J

Product Market Equilibrium

j=O, l

o<v. ( .) n+3
o~ . { I x. . (t) + C. (t)} + Z. (t) ~

. . O 1.J 1. 1.
1. J=

i=O,l, ••• ,n

X. (t) = c. (th
1. 1.

Xn +3 (t) = I (t) ~

Savings Investment Equilibrium

i=n+l,n+2

l:: s {E ( t ) + p n+ 2 (t) Cn+ 2 (t)} - V ( t ) D ( t ) = p n+ 3 (t) I ( t) ~

Labor Market Equilibrium

t-l n+2
L (t) = I I

u=O j=O

on . ( •)
UJ •
ow. I

J

Current Account Constraint

k n M.(t)
I P.Z. - I V(t)p~I(t) _1.~_

i=l 1. 1. i=O 1. 1+<P?
1.
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Energy Input Coefficients in New Plants

a .. =
t~J

oK~ ( • )
J •
aP .. I

.1. J
i=O,l. j=O,1, ••• ,n+2

Investments in New Plants

PJ.(t} = K~(w.(t},Q.(t},Po·(t},Pl·(t}) +
J J J J J

k DL P. (t}a .. +
i=2 ~ ~ J

j=O,1, ••• ,n+2

R.(t}~r(t}
J

j=O,1, ••• ,n+2

if R.(t}<r(t}
J

o

'" ':'C e.p.(t);+ V(t}p .(t}b .. +
J JJ J J

OK. ( .) R.(t} p.
o.x.(t}-~ J 'J if(Rrtr-) .J J .

Ij(t} = I J

n+2
I(t} = LI.(t};

j=O J

Definitions

M(jJ.(P.,P.)
~ ~ .~

Il. l-Il.
= {d ~ P. ~ +

di .~
i=O, l, ••• , n

1t .(p*.,W.;t)
uJ uJ J

l
l-a.

l a -l__J
a. a. a. a.

= A uj (t) Ja.(l-a.} J P*. J W. J
J J uJ J

j=O, l, ••• ,n+2

u=O,l, ••• ,t-l

K~ (W . , Q . , p O . , P l . ; u)
J J J J J

l
l l-p. -A.U -a. a... l a.

= A-:- l a . J I e J a. J (l-a.) J Q. J
J J J J J

p.
l l

y.__J_ J
l-a. p.-l l-p. -A~U l-y. y.-I

w. J I J + b. J Ie J (C. J p J +
J J J Oj

l
l-y.

+ d. J
J

y. y.-l p. p.-l
J .-l_~ __1._ .~

y.-l y. p.-l p.
P
lj

J ) J l J I J; j=O,I, ••• ,n+2
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l
P*.(t) = (1-8.)P.(t) - I P .. (t)a "

UJ J J i=O lJ UlJ

n DI P. (t)a ..
i=2 l lJ

P~(t)
l

c- V(t)p .(t)b .. ;
J JJ

~4>.

= (l + l_) V(t)p~I(t);
1+4>~ l

l

j=O, l, ••• , n+2

i=O,l, ••• ,n

P .. (t) = (l + 't. (t) + ~ .. (t) pl? (t) ;
lJ l lJ l

i=O, l, ••• ,n

i=O, 1, ••• ,n+2, c

n D
I P. (t)t. + p +1(t)t +1 ;

. 2 l lS n n,sl=

5=1, 2, ••• , k

P n + 3 (t)
n D

= I P. (t)a. +3;
. 2 l l,nl=

Wj (t) = w.W(t);
J

P. (t) O (l-C~)P<?F(t);= C.P.(t) +
l l l l l

pi? (t) = C~ PI? (t) + (l-C~ )pI?F (t);
l l l l l

p<?(t) = C~P~ (t) + (l-C~)p~F(t);
J J J J J

Wj(t) CWW
j

(t) W F
= + (l-C )W.(t);

J

Oj (t) = p + 3 (6 . +R . ( t) );
n J J

i=O, 1, ••• , n+ 2

i=O, l, ••• ,n

j=O,1

j=O,I, ••• ,n+2

j=O, 1, ••. , n+2

Exogenous variables

WI WE C OF DFL(t),C +2(t),D(t),V(t),P. (t),P. (t),P.(t),P. (t),P. (t)
n l l J l l

p<?F (t) , w~ (t) , 't. (t) , ~ .. (t) •
l J l lJ
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Appendix: List of symbo1s

x . (t)
uJ

x . (t)
J

Xn+3 (t)

X .. (t)
1J

I . (t)
J

I(t)

C. (t)
l

E(t)

Z. (t)
l

M. (t)
l

M~(t)
J

p* . (t)
UJ

P. (t)
l

P .. (t)
1J

gross output in sector j=O,l, "" n+2,
vintage =0,1, ... ,t-l in period t.

total output in sector j=O,l, .•• , n+2
in period t.

output of investment goods in period t.

use of commodity i=O, l, •• " n+2
in sector j=O,l, "" n+3,
in period t.

gross investments in sector j=O,l, ••. , n+2
in period t.

total investments in period t.

household consumption of commodity
i=O,1, .•. , n+l in period t.

total household consumption expenditures
in period t

export of production sector output
i=l,2, .•. , n in period t

import of goods competing with production
sector output i=O,l,. '" n, in period t.

complementary imports used in sector j=O,l
in period t.

value added per unit of gross output
in vintage u=O,1, "" t-l,
sector j=O,l, .•. , n+2 in period t.

price of production sector output
i=O,1, ... , n+3 in period t

user price of energy of type i=O, l
in sector j=O,1, .•. , n+2 in period t.
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P. (t)
~c

W. (t)
J

W(t)

r(t)

P. (t)
J

P.. (t)
~J

p1?(t)
~

p<: (t)
J

R. (t)
J

a .'
t~J

usel' price of commcdity i=O,I, n
in period t

usel' price of energy of type i=O,1
in the household sector in period t

price of consumer commodity group
s=I,2, ••. ,k in period t.

wage rate in sector j=O,I, "" n+2
in sector t.

index of the level of wages in the economy
as a whole in period t.

the market rate of interest in period t.

expected future price of production sector
output j=O,I, •.. , n+2 in period t.

expected future user price of energy of
type i=O,1 sector j=O,I, ••. , n+2
in period t

expected future usel.' price of commodity
i=O, 1, ..• , n in period t.

expected future price of complementary
imports in sector j=O,1 in period t.

expected future wage rate in sector
j=O,I, •.. , n+2 in period t.

expected rate of profit on investments
in sector j=O,I, ••• , n+2 in period t.

expected, and actual, input of energy of
type i=O,I, per unit of output in plants
designed for sector j=O,I, ••• , n+2
in period t.

L(t) supply of labor in period t.

Cn+ 2 (t) public consumption in period t.

D(t)

V(t)

surplus on current account in period t,
expressed in foreign exchange.

exchange rate (units of dornestic currency
per unit of foreign currency) in period t.



p~I(t)
l

w~(t)
]

't. (t)
l

~ .. (t)
l]

~. (t)
lC
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c.i.f. price level in period t, expressed
in foreign currency, of imported goods
competing with domestically produced
commodity i = 0,1, .•• ,n.

f.o.b. price level in period t, expressed
in foreign currency, on foreign markets
where domestic producers of commodity
i=1,2, "" n compete.

c.i.f. price level in period t,
expressed in foreign currency,
of complementary imports used
as inputs in sector j=0,1.

predicted future price of production
sector output i in period t.

predicted future user price of commodity
group i in period t.

predicted future price of complementary
imports in sector j=O,1 in period t.

predicted future wage rate in sector j in
period t.

ad va10rem tax on energy of type i=O,
in period t.

ad valorem tax on energy of type i=0,1
used in sector j=0,1, "" n+2
in period t.

ad valorem tax on energy of type i=O, l,
used in the household sector in period t.

C. Parametersil

s

a ..
Ul]

gross savings ratio for the economy as

whole.

input of energy i=O, l per unit of output

in vintage u=0.1, ••. ,t-l, in sector

j=O,I, •.• , n+2

a. . input of commodity i=2, 3, ..• , n per unit
l]

of output in sector j=O, l, ••• , n+2



b ..
JJ

t.
lS

w.
J

0.
l

o
fl~. +4>.

J. l

O.
J

(J,
J.

Il. , g.
J. .~

~Q
S
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input of complementary imports per unit

of output in sector j=O, l

relative weight of commodity i=O, 1, ••. , n+l

in consumer commodity group s=l, 2, •• " k.

index of the relative wage rate

in sector j=O,I, ••. , n+2.

ad valorem indirect tax on commodity

i=O,I, ... , n+2.

custom duty and indirect tax on the c.i.f.

value of imports of commodities competing

with commodity group i=O, 1, ••• , m.

annual rate of depreciation of capital

in sector j=O, 1, "" n+2.

annual rate of change of production of

commodity group i=I,2, •.. , n in the rest

of the world.

elasticity of substitution between domesti­

cally produced and imported units of com­

modity i=O, 1, ••. , n at home and abroad,

respectively.

expenditure allocation parameter in the

household demand function for consumer

c ommod i ty group s=l, 2, ... , k.

dd"d . distribution parameters in the CES-function
J. mJ.

representing the trade-off between imported

and domestically produced goods of type

i=O,I, .•. ,n.
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J
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the elasticity of investments in sector

j=O,I, ••• , n+2 with respect to the ex­

pected excess profit ratio.

the relative weight of the current price of

production sector output i=O,I, "" n+2

in the formation of expectations about

that price.

the relative weight of the CUlTent price of

commodity i=O, I, ... , n in the formation of

expectations about that price.

the relative weight of the CUlTent price of

complementary imports to sector j=O,1

in the formation of expectations about

that price.

the relative weight of the current wage

rates in the formation of wage

expectations.

Z9,QO,A
J
'Constants in the export, household demand

J.. s
and ex ante production functions,

respectively.
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4 • ".l'he so1ution procedure

The purpose of this section is to give a brief

overview of the solution algorithm developed by A.

Por for this model. The discussion here does not

deal with the mathematical techniques used in va­

rious parts of the algorithm. The aim is only to

indicate the main steps in the solution procedure,

and to give an economic interpretation of that

procedure. Before turning to the main topic of

this section, however, a few properties of the

model should be pointed out, and some of the equa­

tions have to be written in a different form.

In accordance with eq. (25) it holds that

p* . (t)
uJ

= (1-0.)P. (t) ­
J J

l

I
i=O

P .. (t)a .. -
l] UlJ

n D CI P.(t)a .. - V(t)P.(t)b ..
i=2 l lJ J JJ

u=0,1, •.. ,t-l

j=O, l, ••• , n+2

By a slight rearrangement of the terms this can be

written so as to de fine a new variable,

That is

pt(t).
J

1
p~(t) = P*. (t) + I P .. (t)a " = (1-0.)P .(t) -

J UJ i=O lJ UlJ J J

n D C -- I P.(t)a .. - v(t)P.(t)b .. j

i=2 l lJ J JJ

u=O,l, ••• ,t-l
j=O, 1, ••• , n+2

By denoting the energy costs per unit of output

e .(t), .1.e.
uJ
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l
e .(t) = I P .. (t)a .. 7

UJ i=O lJ UlJ
U=O, 1, ••• ,t-l
j=0,1, ••• ,n+2

the value added per unit of output in vintage U in

sector j can be written

p* . (t) = P~ (t) - e . (t)
uJ J uJ

Thus the value added per unit of output can be

subdivided into two parts, where one, the new

variable P~ (t), applies to all vintages in sector
J

j and the other, the unit energy costs, is vintage

specific. Moreover, when the prices of intermedia-

te inputs are given, the values of e . (t) are
uJ

given as well. This means that total output in

sector j can be expressed as a function of P~ and
J

the wage rate W.•
J

The variable P'I; (t) represents the difference be-
J

tween the producer price of the output in sector j,

and the unit cost of non-energy intermediate

inputs. Clearly it can happen that e . (t) exceeds
UJ

Pj (t). since negative P~j (t) would imply zero pro-

duction under conditions of profit maximization

behavior,

ce with

P*.(t) has to be determined in accordan­
UJ

f:j<tl - e . (t) if P~ (t) >e . (t)
uJ J uJ

p* . (t) = (54 )
uJ if P~ ( t) ~e . (t)

J uJ

If some p* . (t) = O in equilibrium, the correspon­uJ
ding X . (t) is also zero, which can be easily seen

uJ
when the supply function of production units of

vintage U in sector j is written in the following

explicit form.
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1
a.

= A . (t) J
uJ

Assuming that the prices PO(t), ••• 'Pn +
2

and the

wage rate W(t) are given, and using eq. (54), this

supply function can be written

= f . (p~ (t) )
uJ J

v=0,1, ••• ,t-1

j=0,1, .•• ,n+2
(55)

where f . denotes a nonlinear function of the
uJ

variable P~(t). Observe that when the domestic
J

producer prices PB, .•• ,Pn+2
D

are given, the domes-

tic user prices PO(t), ••. ,P (t) are given as well.
n

(See eq. (16) • )

On the basis of eq. (31) it holds that

C. (t) = E(t)(I tisBs~+ I t. 0 0 -
l s=1 pO(t) s=1 lS s

s

p/~(t)QV (56)

Thus, when the prices are given, household demand

for commodity group i is a linear function of

household expenditure E(t).

Moreover , when prices are given, the "input" of

domestically produced goods per uni t of composite

goods demanded is also given for all types of

composite goods. Thus we can define
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as a constant as long as the

unchanged. The equilibrium condi­

markets for domestically produced

be written (setting d. (t)=l for
~

now

d. (t)
~

kept

the

and treat

prices are

tion for

goods can

i=n+l,n+2)

n+3
X.(t)= d.(t){ L x .. (t) + c.(t)} + Z;(t)~
~ ~ j=O ~J ~ .J..

i=O, l, ••• ,n+2

and on the basis of eq. (30) this becomes

X.(t) =d.(t)
~ ~

n+3 t-l
{L L

j=O u=O
a ..X . (t) + c. (t) } +
u~ J UJ ~

+ Z.(t);
~

i=O,l (57)

for the energy sectors and

x. (t) = d. (t)
~ ~

n+3
{ L

j=O
a .. x. (t) + c. (t) } +
~J J ~

+ z.(t);
~

i=2,3, ••• ,n+2 (58)

for the other production sectors.

As the total production in a given sector is the

sum of the production in the individual vintages

of production units, substitution of eq. (56) in

eq. (57) yields, after simple reorganization of

the terms.

t-l l t-l
L f . (p~ (t) ) - d. (t) {L L a .. f . (p~ (t) )} =

u=0 uJ J ~ j=O u=O U~J uJ J

n+3 t-l
= d. (t) {L L a .. f . (p~ (t») + C. (t)} + Z. (t) ~

~ j=2 u=O u~J uJ J l l

i=O,1 (59)
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Nate that when prices are given, the left-hand

side is a non-linear function of På (t) and Pi (t) ,

while the right-hand side is linearly dependent on

E(t) (through Ci(t) by eq. 56 and non-linear ly

dependent on P
2
*(t),P3*(t), .•• ,P* 2(t).

n+

On the basis of eqs. (35), (39), (40), (41) and

(45) it holds that

s
l-s {E(t) + Pn+2 (t)Xn+ 2 } =

n n MI P, (t)Z. (t) - I P. (t)M
i=l l l i=O l

l CI V ( t )P . (t) b . .X . ( t) + p n+ 3 ( t )Xr'+ 3 ( t ) ~
j=O J JJ J •

(60 )

and

and(36 )

given Z. (t) can be treated as
l

(36) ) while M. (t) will be linear­
l

on X. (t) (by eqs. (34),
l

with all prices and the wage rate

(60) represents a linear dependency

variables

eq.

theamong

ly dependent

(37»). Thus,

given

When prices are

constants (by eq.

E (t) •

The model is solved for one period at a time, and

for each period the solution procedure can be

subdivided into two blocks. The first block deals

with the commodity and labor markets, while the

second, which does not affect the first, deals

wi th the capital market. For the first block the

solution procedure involves

the following each one of

briefly described.

three main steps.

these steps will

In

be
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In this step an initial guess about the producer

prices and the wage rate is made. These values are

denoted P O(t),P 1 (t)""'Pn + 2 and W(t). When 't=O

these values are exogenously given, while the so­

lution for the previous period is taken as the

initial guess for t>O. Using these prices, and on

the basis of eq. (16) , values for the domestic
AD AD AD

usel' prices, denoted P
O

(t),P
1

(t), ••• ,P
n

(t), are

computed, while a value for the price of capital
A

goods, P
n

+
3

(t), is computed in accordance with eq.

(44). Then i t is possible to establish an initial
A A A

guess P5(t),Pt(t)"",P~+2(t) on the basis of eqs.

(25) and (54). When these va lues are determined it

is possible to represent XO(t) and x 1 (t) as linear

functions of E(t) •

I I.1.: 'rhe ':..~~ues f_or W( t) " P~( ~L~!~pn+3'

p 5.u:.L!.R.tt!:.l.!-:...:_:...!..!:.~ +2 ~~~.L,~r_~ k ept ,f i x e d

As Xo(t) and Xl (t) are now (with prices kept

fixed) represented as linear functions of E(t),

values for the variables X2 (t),X3 (t), .•. , Xn + 3 (t)

and E(t) can be determined by a linear equation

system derived from eqs. (41), (58) and (60). The
A

~omputed Aoutput levels are denoted by X
2

(t),X-

3(t), ••• ,X
n

+3 (t) •
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The values for W(t), p (t), p (t), ••• ,P (t)
----"-.---------~"-.-.--,g.-"--=_e_----.--- n+ 3
Pålt) , PiL~~_2<~g_t fixed

A

On the basis of step 11.1, a set of values P'2(t),

A A

P~(t), ••• 'P~+2 are determiend by eq. (55), i.e.

t-l
I

u=O
f . (p~ (t) );

Ul l
i=2,3, ••• ,n+2

II. 3.: The values for W(t) '!'~l..!~.Qlt)..!nJ~~

kep~...i:Lxed

A A A

Using the values P2(t),P3(t), ••• ,P:
1
+

2
(t) thus com-

puted and the equality (derived from eqs. (16) and

(25) and the definition of Pi(t»)

p~(t) = (1-8.)P.(t) -
J J J

- V(t)P~ (t)b ..
J JJ

n

I
i=2

<\J. (P. (t) , p~ ( t) )
l l l

a .. -
lJ

new values for the producer prices can be camputed.

A A

These values are denoted P
2
(t),P

3
(t), ••• ,

A

A

p n+2 (t). If these are sufficiently close to the

previous values the procedure continues. Otherwi­

se, it returns to step 11.1, i.e. on the basis of

A A A

P2*(t),P3(t)"",P~+2 new values for X2 (t),

X
3
(t), ",Xn +

2
are camputed.
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The values for W(t), p (t),--,,----,---,-,-,-,,----,---4
fixed

Taking the values of P2(t),Pj(t), ••. ,P~+2 and E(t)

thus computed as given, eq. (60) represent a non­

linear equation system with two equations in the

two unknowns På(t) and Piet). By solving this

system, i.e. clearing the energy markets, new i te­

rative values, På (t) and Piet), for these variab­

les are obtained. If these values are close to the

previous ones, the procedure continues. Otherwise,

it returns to step 11.1, where thus the new values

for På (t) and Pi (t) change the linear dependency

between, on the one hand, Xo(t) and Xl (t), and,

on the other hand, E(t). If the values for på(t), ••. ,

Pi(t),.",P~+2(t) converge during the steps 11.1 ­

I 1.4 means that a set of market clearing prices

for the non-energy markets, at given wage rates

and energy prices, has been found. However, the

"net prices" for energy, i.e. the values for På(t)

and Pi (t), which bring about the supply of energy

which is demanded at the prices ruling at this

stage of the procedure, might be inconsistent with

the ruling producer prices of energy, i. e. PO(t)

and PI (t) .

The consistency of the values of på(t) and Pi(t)de­

termined in step 11.4, and the initial values

;o(t) and ;l(t) are checked by means of the equali­

ty

p~ (t) = (1-0.)P. (t)
J J J

C- V(t)P.(t)b .. ;
J JJ

n
- I <\J. (P. (t.) , Pt:1 (t) , ) a. . -

. 2 l l l 1J1=

j=O,l
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and the va lues for P
2

(t), P
3

(t), ••• ,Pn (t) computed

in step 11.3. If the equation is approximately

satisfied, the procedure contirmes • Otherwise, i t

returns to step 11.1, using the values for PO(t)

and P l (t) which satis fy the above equation at the

values På(t) and Pi(t) computed in 11.4. When step

11.5 finally is completed, a market clearing price

system, at given wage rates, has been found.

Wi th given wage rates and commodity pr ices, the

demand for labor is given by eq. (46) added over

vintages and sectors. If the demand for labor thus

computed is sufficiently close to the supply of

labor the procedure stops. Otherwise, W(t) is ad­

justed (the sign of the revision of W(t) being the

same as the sign of the excess demand for labor)

and the procedure is repeated from step I 1.1. When

step III is completed a solution for the resource

allocation in period t (except the sectoral alloca­

tion of investments) is obtained,i.e. the first

block in the solution procedure is completed.

Be fore turning to the second block in the solution

procedure, a few additional remarks should be made

about the steps II l - II 5 in the first block

should be made. The first point to note about

these steps is that the two energy sectors are

treated in a different way than the other produc-

tion sectors. The reason for this is that the

different vintages in a sector do not differ in

terms of the use of non-energy intermediate

inputs. Thus, provided prices the production in

the energy sectors and total household expenditu­

res are given, the commodity market equations for
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sectors 2, 3 .•. , n+3 can be treated as an input­

output model, i.e., a system of linear equations

with equal number of equations and unknowns. In

the corresponding equations for the energy sec­

tors, however, all vintages in all sectors appear

explicitly. Accordingly, the energy markets cannot

be cleared unless the allocation of total produc­

tian over vintages is simultaneously determined.

With this background it is easy to describe step

II in the solution procedure in economic terms. In

11.1 initial prices of energy are fixed. These

prices can be regarded as prices facing the users

of energy. Then in I 1.2 and I 1.3 market clearing

prices for non-energy goods are determinedj by an

iterative process equality between the prices ac­

cepted by the producers and the prices facing the

consumers established, and throughout this process

the markets for non-energy goods are cleared. When

step 11.3 lS completed, the supply and demand

functions for energy are also determined. The si­

tuation is illustrated by Figure l below where

both the supply of and demand for fuels and elec­

tricity are expressed as functions of p~(t), 12
l

i = 0,1, respectively.

then, the market clearing values of

are determined and in 11.5 these

In step 11.4,

p~(t), i=O,l,
J.

values are compared with those obtained on the
"

basis of the previous energy prices, i.e. PO(t)

and P l (t). In Figure l the two sets of estimates

of På (t) and Pi (t) coincide as they should in a

final solution to the model.

Generally speaking, the solution procedure implies

that producers always satisfy the demand which is

established at the prevailing prices. However,
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Figure l.

P~(t)
1 i = 0.,1

Pi(t)

P~ = P~(p.)
, l l

Pi(t)
s.(P~(t», ,

D.{P!'(t)
l'

once they realize that the market clearing output

levels lead to marginal production costs, which

differ from the prices, the prices are revised in

such away that equality between price and margi­

nal cast is attained. But when prices change

demand changes as weIl and the equality between

price and marginal cost may again not be realized.

The process continues until all commodity markets

are cleared at prices which are compatible with

profit maximization in all production units. At an

intermediate step in the process, however, the

prices needed to induce producers to supply the

demanded quantity differ from the prices the consu­

mers are faced with. Figure 2 illustrates how a

solution for the non-energy sectors is attained,

i.e., the steps 11.2 and 11.3.
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i = 2,3, ... , n+2

pi (t)

P~=P~ (P ~ ), , ,

Step III in the solution procedure does not have

to be described in detail. It can be regarded as a

Walrasian ta tÖnnement process in which the exces s

demand for labor at a given wage rate is computed,

and then the wage rate is gradually adjusted until

the excess demand is eliminated. In this process

the sign of the wage revision is the same as the

sign of the excess demand.

The solution procedure for the second block, the

allocation of investible funds over investing sec­

tors, is much less complicated than the one descri­

bed above. Once a solution for the first block is

obtained, the variables Rj(t) and OKj(e)/oQ; can

be computed. Since I(t) is determined in the first

block the second block can be represented by the

single equilibrium condition

X;(t)
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I (t)

is greater than or equal

interest at the point of

augmented with the sector withis

for which R. ( t)
J

market rate oftheto

discontinuity,

where I j (t) is a function of the market interest

rate, r(t). However, I.(t) is a discontinuous func-
J

tion of r(t). Thus it may happen that no solution

exists for the sectoral investment rule given by

eq. (51). In order to obtain a solution in all

cases, the rule is somewhat argumented in the

solution procedure. Th us , i f no solution can be

obtained on the basis of eq. (51), the set of

sectors competing for investible funds, i. e., the

sectors

the highest R
j
(t) of those not in that set. This

procedure is repeated until a solution is obtained.
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5. IBIp1eJRentation, para.eter est:L.il.tion,

and DIOde1 behavior

5.1 General remarks

When building a model of resource allocation in a

national economy, the modeler is faced with seve­

ral trade-off problems. One of these is that at­

tempts to give a relatively detailed representa­

tion of various resource allocation mechanisms

tend to involve variables which are difficult, or

even impossible, to observe. For instance, expli­

cit incorporation of the notion of "putty-clay"

technology facilitates a realistic representation

of factor substitution and technical change in a

medium term perspective, but requires an explicit

representation of the ex ante technology and price

expectation formation process, i. e. phenomena

which are very difficult to observe. Conversely ,

models of resource allocation can be entirely

based on observable data only if qui te dramatic

simplifications of the resource allocation mecha­

nisms are accepted.

Obviously the model presented here is based on a

number of simplifying assumptions. Yet it repre­

sents an attempt to model the process of factor

substitutions and technical change in a relative ly

detailed and, hopefully, realistic way. The price

of this realism is the incorporation of a number

of variables which general ly are difficult or im­

possible to observe. In addition the model con­

tains variables for which only one or a few observa­

tions can be obtained. This applies, for instance,

to the intersectoral deliveries of goods and servi­

ces. Consequently most parameters in the model

cannot be estimated by means of standard econome­

tric techniques.
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A substitute technique is the so-called "reference

equilibrium method" , which has been employed in

the implementation of the model presented in this

report. This approach to parameter estimation

star_'!:..~ from the ass umption that the model is a

true representation of the economy. It is also,

implicitly, assumed that the variables dealt with

in the model can be measured correctly. If these

assumptions are accepted, a statistical descrip­

tion of the state of the economy at one single

point in time can. be taken as a solution to the

model.

With this point of departure the parameter estima­

tion procedure becomes simple and straightforward.

To begin with, all the parameters of the model are

expressed as functions of the exogenous and endoge­

nous variables, and then these functions are eva­

luated at the observed values of the model' s va-

riables at a particular point in time.

In formal terms the model is written

f. (x,y,a) = Oj
3..

i=l, .•• ,m

where the vector z denotes the endogenous vari­

ables, the vector y the exogenous variables and the

vector a the parameters. At a given point in time

the endogenous and the exogenous attain the values

x and y respectively, and the model becomes a

system of equations in which the vector contains

all the unknowns, i.e.

f.(x,y,a) = Oj
3..

i=l, 2, .•. ,m.
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In simple cases, such as when the parameters of an

input-output model are to be estimated, one consis­

tent set of observations on exogenous and endoge­

nous variables is sufficient for unique determina­

tion of all the parameters of the model. Generally,

however, extraneous information about functional

forms and some parameter values is needed as weil.

When this procedure is adopted model validation

obviously becomes very difficul t. The statistical

significance of individual parameter estimates

cannot be ascertained in the "usua l" way, and lack

of data often prevents a full ex post comparison

between model predictions and the actual develop­

ment of the economy. In addition, models of the

type presented here often are used for simulation

of the effects of policies and other changes in

exogenous conditions which have not been experien-
4

ced before. Thus, one may wonder about the proper

interpretation of results obtained from a model,

in which the parameters have been estimated by

means of the reference equilibrium method.

The easiest answer to this question, of course, is

to maintain that the principal aim of the study is

methodological, and, consequently, that the numeri­

cal results should be regarded onlyas illustra­

tions of a method. This position no doubt implies

the minimum commi tment for the author, and may in

some cases be the only reasonable one, but it also

implies some waste of the resources put into model

development. Af ter all, a considerable amount of

data is available, and efficient use of these data

might turn the model into a useful tool for quanti­

tative analysis of resource allocation problems in

a real economy.
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The model presented in. this report has been imple­

mented on Swedish data. The implementation repre­

sents a serious effort to make efficient use of

available data. The resulting numerical model,

which is brie fly described in the following sub­

section, is intended to be used for quantitative

analysis of resource allocation problems related

to Swedish energy policy. The nature and purpose

of the quantitative analysis in which the model

will be used is best described by a quotation from

Leif Johansen 13: "The data and the quantitative

analysis do serve the purpose of illustrating the

method and the model. But, at the same time, if I

were required to make decisions and take actions

in connection with relationships covered by this

study, I would (in the absence of more reliable

results, and without doing more work) rely to a

great extent on the data and the results presented

in the following chapters. Thus, the quantitative

analysis does not solely serve the purpose of

illustrating a method. I do believe that the nume­

rical results also give a rough description of

some important economic relationships in reality" .

5.2 Functional Forms and Parameter Values

.As mentioned above, the model has been implemented

on the basis of Swedish data. The main data source

is an input-output table for 1979, aggregated up

to seven production sectors. The sector classifica­

tion, which can be seen in Table I, is chosen in

order to be useful for analyses of the economic

impact of national energy policies and alternative

assumptions about world market oil prices.
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Table l. Production Sector Definitions

o

l

2

3

4

5

Sector

Fossil fuels production

Electricity production

Mainly import competing
industries

Mainly exporting energy
intensive industries

Other mainly exporting
industries

Sheltered industries and
service production

SNI

353, 354

4

11, 13, 31, 32, 33, 3412,
3419, 342, 355, 361, 362

12, 2, 3411, 351, 37101
37102

352, 356, 3699, 37103,
372, 38, 39

3691, 3692, 5, 6, 7
8, 9 (priv. )

6 The public sector

7 The capital goods sector
(book keeping sector)

The aim has been to identify the smallest possible

number of sectors which is compatible with a mean­

ingful analysis of the issues under study. There

are several reasons to keep the number of sectors

as small as possible. One is simply that the costs

for solving and storing the model are quite sensi­

tive to its size. An.other, and more important

reason, is that no complete input-output table for

1979 is available. Thus, the estimates of the

intersectoral flows of non-energy 11+ goods and ser­

vices have to be based on the 1975 input-output

data. 15 As the input-output relation.s between

large aggregates of sectors tend to be more stable

than the corresponding relations between more dis­

aggregated sectors, a relative ly high level of
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aggregation accordingly, was preferable in this

case. A third reason is that the possibilities of

getting good estimates of world market prices,

technical change, etc. for a large number of sec­

tors from published sources are quite limited, and

if such assumptions cannot be differentiated between

individual sectors, there is no point in a far­

reaching disaggregation of the production system.

Tables 2, 3, and 4 summarize some base-year data

about the production sectors, and in Table 5 the

ten aggregates of household consumption goods

deal t with in the model are defined.

Given the specification of the model in terms of

the general characteristics of supply and demand

functions, there is still some freedom to choose

functional forms for the ex ante production func­

tions, the household utility function and the "pro­

duction functions" defining the composite goods in

the home country and in the rest of the world. In

the following the choices actually made will be

briefly discussed. It should, however, be pointed

out that other choices can be made without major

revisions of the solution algorithm.
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Table 2. Base, year seetoraI employment,ener~9X

use and value added shares

y j/Y)

0.0223

0.0255

0.1721

0.0612

0.1562

0.3514

0.2113

1.0000

a The difference between this value and unity is made up
of the shares of household consumption and exports.

forTable 3. Base
--~"-,"'--""----~~--------",,-,,-~-,,_._--,,._-,,-,,",",,,"-,,-,,-,,-,,;--,,-----=-

fuels

8ector K. /X .
---- J J

L./X.
J J

Xo ./X.
J J

Xl ./X.
J J

o 0.2174 0.0003 0.0512 0.0023

l 6.3451 0.0031 0.1850 0.0255

2 0.7361 0.0047 0.0159 0.0075

3 1.5517 0.0044 0.0649 0.0452

4 0.6229 0.0052 0.0132 0.0109

5 2.6974 0.0093 0.0639 0.0366

6 1.5461 0.0118 0.0096 0.0159

7
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Table 4. Base year shares of export ar:!-_d. import,

and_~~or~ and ~Eort shares in individu­

al~rodu~tion sectors

Sector Z. Iz
1. M·/M

1. z·/x.
J. 1.

M· I (x. +M· )
1. 1. 1.

All import measures inclusive of complementary imports.

SNAa

1.1

1. 2-1. 4

2, (8.1.2)

6.2.2

(4.5.1), 5.1,

8.1.1, (8.1.2)

Food

Beverages and tobacco

Clothing

Gasoline

Medical products and

personal care

6. Gross rents,

1.

2.

3.

4.

5.

7.

8.

9.

10.

fue1- and power

Transport

Recreation

Furniture and other

furnishing

Other

3.1.1, 3.2

(6.1), (6.2.1),

6.2.3, 6.3

5.2, (6.1), (6.2.1),

7.1, 8.2.1, (8.2.2)

4.1, 4.2.1, (4.3.1),

4.3.2, (4.4.1), (4.5.1)

(4.3.1), (4.4.1),(4.5.1)

4.5.2,4.6,5.3,6.4,

7.2-7.4, (8.1.2), (8.2.2)

8.2.3-8.3.2,

8.5, 8.6

a SNA n umbers in ) means "part of".
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Clearly the knowledge about ex ante production

functions is very limited. This would suggest that

a flexible functional form such as the translog

production function or a generalized Leontief cost

function should be used for the representation of

the ex ante technology. However, in view of the

difficulties to obtain relevant price-data for the

estimation of these functions, they were not too

attractive. Instead it seemed resonable to choose

a functional form with a small number of parame­

ters, and in which each one of the parameters has

a simple economic interpretation. In other words,

if one is forced to use a lot of "guesstimates"

the number of guesses should be kept at a minimum

and concern economically meaningful magnitudes.

From these points of view the nested CES-Cobb-Doug­

las function (see p. 11) was attractive, but the

only possible choice. The distribution parameters

( ex .) in the Cobb-Douglas part of the function were
J

estimated by means of income distribution data for

the base-year, i.e. for 1979, and the input-output

coefficients (a .. ) are estimated by means of the
J.J

ratios of intersectoral flows (Xij ) and gross

output (X.) that year. The ex ante elasticity of
J

substitution between the capital-labor composite

and the fuels electricity composite was set equal

to 0.75 in all sectors except the energy sectors.

This figure is compatible with the results presen­

ted in Pindyck (1980) 16, but of course subject to

significant uncertainty. Lacking better informa­

tion, finally, the same values were assumed for the

elasticity of substitution between fuels and elec­

tricity. A selection of the adopted parameter

values are displayed in Table 6.
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The choice of a linear expenditure system for the

representation of household demand is motivated by

the fact that such systems have been estimated on

Swedish data. The linear expenditure system used

here is estimated by J. Dargay and A. Lundin

(1981). It differs from other systems in that i t

treats fuels as a separate household consumption

good (see Table 5), which is an advantage in the

types of studies the present model will be used.

However, as all linear expenditure systems it does

not take substitution effects into account, which

clearly is a disadvantage.

The "production functions" defining the composite

goods consumed in the home country and the composi­

te goods consumed in the rest of the world were

all specified as CES-functions. The CES-specifica­

tion is convenient since it leads to import and

export functions which are relative ly easy to esti­

mate. However, the assumption that the same "pro­

duetion function" applies to all domestic users of

good i is general ly not plausible. If goods produ­

ced in different countries actually are qualitati­

vely different, the substitutability between impor­

ted and domestically produced goods of the same

"type" should, in general, differ between domestic

users. In particular, for industrial users the

substitutability should reflect the properties of

technology, while it should reflect the properties

of preferences for users in the household

sector . 17

However, whereas the model would remain fundmental­

ly the same if different composite goods were

defined for different domestic users, the estima­

tion problems would increase significantly. In view
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of these problems the simplest possible specifica­

tion was chosen. Thus, all domestic users of a

given composite good, say i, are assumed to use

the same type of composi te good, i. e., use the

same "production function" to define the composite

good.

The numerical values of the parameters of the

import and export functions have been chosen

partly on the basis of econometric evidence,

partly on the basis of theoretical considerations.

Thus, one source of information is Hamilton

(1980), another is Restad (1981). However, neither

of these sources, or other possible sources, use a

sector classification which can be aggregated into

the one used in this study. Moreover , many of the

estimated export price elasticities have absolute

values which are so low that they are hard to

accept on theoretical or even common sense grounds.

Consequently, a considerable amount of judgement

and II fingerspitzge flihl" has gone into the estima­

tes of E:. and Il. displayed in Table 6.
]. ].

Table 6. Estimated values of some ke~ parameters

~-,-"------,-------,--""--~

Sector -l (1_y)-la. (1- Pj) E:. Il·
J J . J

",,-,---~-.-,,'-'''------'-----~~-----

O 0.8362 0.25 0.25 0.0 0.5

l 0.7555 0.25 0.25 -1. O 0.5

2 0.3770 0.75 0.75 -2.0 4.0

3 0.3076 0.75 0.75 -5.0 0.5

4 0.2053 0.75 0.75 -4.0 2.0

5 0.3600 0.75 0.75 -2.0 0.5

6 0.0436 0.75 0.75

7
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It should be noted that the export functions and

the current account constraint are specified in

such away that the "horne country" has some autono­

my in the pricing of its exports. Whether or not a

signifieant deviation between domestie production

eost, i.e., the variable P. (t), and the correspon-
1-

market price, i.e., the variable

would exist in equilibri um depends on

values of g. as well as on the proper-
1-

ties of the supply funetions. As deviations be-

tween domestie produetion costs and world market

priees are not eonsistent with the notion of "a

smallopen eeonomy" , some eonstellations of parame­

ter va lues would neeessitate a respeeification of

the foreign trade part of the model. Otherwise the

model would indieate terms of trade gains of the

optimum tariff type from domestie energy taxation.

Sueh a respeeification would then be earried out

along the following lines.

The total output in seetor j is assumed to eonsist

of an aggregate of a large n umber of goods. The

priee Pj(t) is taken to be the priee index of this

aggregate. Some of the goods in the aggregate are

exported at given world market prices. The priee

p~E(t) is taken to be the priee index of the
J

aggregate of goods exported from seetor j. Us ing

the same symbols as before, the value of the total

output from seetor j can be written in two identi­

cal ways in aceordance with

P.(t)X.(t) = V(t)p~E(t)Z.(t) + P~(t) {xJ.(t) - ZJ'()};
J J J J J

where thus P~ (t) is the pr iee index of the non­

exported part of the output from sector j.
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The CU~Tent account constraint should now be writ-

ten

M. (t)
~

l+~~~
~

n
I P~(t}M~(t} = D(t}

j=O J J

while the uni t cost of the composi te goods used

within the country should be defined

i=O, 1, ••• ,n.

rather than

i=O,I, ••• ,n.

Thus, the model can be made perfectly consistent

with the usual "small economy" assumptions also in

the case where the absolute values of the parame­

ters E. are rather small. However, unless the
~

energy tax variables are given quite high values,

"optimum tariff effects" do not seem to be a pro­

blem at the parameter values displayed in Table 6.

5.3 Some numerical results

To conclude the description of the ELIAS-model, a

few results from model-simulations are presented.

These results primarily serve the purpose of indi­

cating the functioning of the model. Thus, there

is no point in carrying out an extensive discus­

sion about underlying ass umptions about exogenous

variables; it is sufficient to say that the "Base

case" presented below is based on the ass umptions

and resul ts of the most recent long-term economic

survey published by the Ministry of Economic Af­

fairs.
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Table 7. Th~__c_~~<:-ula t~2~12~:!:,._,_..-9~_:!:,!.l5:Eeasi!.lg

l ab0E.,~t;!P-1?_~

Annual percentage growth rates 1979-91.

Base case Labor Plus case

P
, , a

rlvate consumptlon

P bl ' , abu lC cons umptlon

G
, a

ross lnvestments
aExports
aImports

GDpa

a In constant 1979 prices.
b Exogenously determined.

1.3

0.9

2.9

4.0

1.7

2.2

2.5

0.9

3.6

4.9

2.4

3.0

To begin with two "comparative dynamics" experi­

ments are presented. Thus, in Table 7 the impact

of an increasing supply of labor is displaye4. In

the Base case the labor force is assumed to decli­

ne by 0.2 percent per annum, while it is assumed

to grow by 0.8 percent per annum in the Labor Plus

case.

The next "comparative dynamics" experiment con­

cerns the role of expectation formation and the

functioning of the vintage capital and putty-clay

properties of the technology. Thus, in the Base

case static expectations were assumed, i.e., the

producers/investors were assumed to expect current

relative prices to prevail in the future as well.

In the Oil Price Foresight case, on the other

hand, the producers/ investors are assumed to fore­

see an annual 2 percent increase in the real price

of imported oil correctly. As a resul t, total oil.

consumption declines by 0.1 percent per annum in

the Oil Price Foresight case, while it increases

by 1.1 percent per annum in the Base case.
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In Table 8 below the development of sectorial oil

input coefficients in these two cases is displayed.

A distinction is made between the average sectoral

oil input coefficients and the oil input coeffici­

ents in new plants i. e, plants designed in the

period in question and taken into operation the

following period. The latter set of coefficients

are expressed as percentages of the average secto­

ral oil input coefficient.

It should be noted that the assumptions made in

the Oil Price Foresight case lead to approximately

the same, but relatively low, oil input coeffici­

ents in new plants in all periods, while these

coefficients tend to decline over time in the Base

case where expect:ed oil prices gradually increase.

Also it should be noted that the development of

average oil input coefficients over time partly

reflects the properties of the new technology, and

partly reflects the amount of gross investments in

the sector in question.

In Table 9, finally, same comparative static expe­

riments are presented. The results are presented

as elasticities computed around the 1991 Base case

equilibrium values.
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Table 8. The calculated devel..?pment of sec~~l oil

coefficients 1979-91 under various

as s u!!!E..ti<?_~ou~.22-l Erice ~~~~~

formation

Base case oil Price Foresight case

Average sec­
toral oil
input coef­
ficient

Oil input Average sec­
coefficient toral oil
in new input coef-
plants ficient
%

Oil input
coefficient
in new
plants
%

1979 0.0159 98 0.0159 75

1982 0.0158 86 0.0142 75

1985 0.0149 84 0.0129 76

1988 0.0140 84 0.0118 78

1991 0.0132 84 0.0108 81

-1.5p.a. -3.2 p.a.

b. ~E.2~~_.MainlL~2929~ng e!lergy intensive

industries

Average sec­
toral oil
input coef­
ficient

Oil input Average sec­
coefficient toral oil
in new input coef-
plants ficient
%

Oil input
coefficient
in new
plants
%

1979 0.0650 100 0.0650 76

1982 0.0650 94 0.0610 79

1985 0.0636 92 0.0570 81

1988 0.0618 91 0.0535 83

1991 0.0599 90 0.0505 84

-0.7 p.a. -2.1 p.a.
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Table 8 (cont.)

Base case Oil Price Foresight case

Average sec­
toral oil
input coef­
ficient

oil input Average sec­
coefficient toral oil
in new input coef-
plants ficcient
%

oil input
coefficient
in new
plants
%

c. Sector 4: Other mainly ex~orting industries

1979 0.0132 100 0.0132 77

1982 0.132 90 0.0116 80

1985 0.0125 89 0.0104 84

1988 0.0118 88 0.0095 86

1991 0.0110 89 0.0087 87

-1.5 p.a. -3.4 p.a.

d. Sector 5. Sheltered industries and serice

pro~ctio~

-"-"-~'-Avei7ag e s ec­
toral oil
input coef­
ficient
0.0159

oil .input Average sec­
coefficient toral oil
in new input coef-
plants ficient
75
%

oil input
coefficient
in new
plants

%
--'._'"'

1979 0.0639 100 0.0639 77

1982 0.0639 94 0.0603 78

1985 0.0630 93 0.0571 80

1988 0.0618 94 0.0542 83

1991 0.0606 92 0.0517 84

-0.4p.a. -1.8 p.a.
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Table 9. ComE.':!.~~9-.._.~~~.~:t::ic~tie.~of se~te~~~o-~~

omic variables with to oil and

export price chan9'~s

Elasticity with respect to changes in

Oil prices

Import price. Domestic oil

change tax change

Export pr ice
in sector 4 c

Private
consump"tiona -0.17

Gross
investmentsa -0.16

Exportsa 0.24

Importsa -0.11

GDpa 0.01

~ationgl
-0.19lncome

Terms of
trade -0.37

Oil
consumption -0.04

0.01 0.10

-0.01 0.13

O -0.04

O 0.22

O O

0.01 0.24

O 0.24

-0.03 0.01

a Constant 1979 prices.
b Evaluated at equilibrium factor prices.
c The variable
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As can be seen in the table the Armington assump­

tion in conjunction with the exogenously given

current account deficit (or surplus) leads to very

strong terms-of-trade effect.s of world market

price changes. The significant increase in exports

which is necessary to restore equilibrium in the

case of a world market oil price increase, sug­

gests that rigidities in the adjustment process

might cause additional income losses. It should

also be noted that, due to the technology assump­

tians, the short-run price elasticity of the

demand for oil is very low.
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NOTES

l These exceptions are the determination of the
gross savings ratio and the sectoral allocation of
investments.

2 For a different approach to the same end, see
Norman-Wergeland (1977).

3 By " type " is simply meant number in some commodi­
ty classification system such as the SITC.

4 The less than perfect substitutability of aggre­
gated commodity groups with different countries of
origin can be shown to be a resul t of aggregation
over individual products which do have perfeet
substitutes produeed in other eountries. See Berg­
man and Por (forthcoming ) •

5 See for instanee Dervis et al (1979)
survey. For some eeonometric evidenee,
(1980) •

for a brief
see Frenger

6 The II ~II over the variables indieate their ex
ante nature.

I pWE might differ from pWI beeause the former
corresponds to a fob price while the latter is a
cif priee.

8 Let M~be Oimports at c08st:ant cif pr iees, and
de fine ~. =<1>. + t.<I>., where <1>. lS base year tariffs
and indilecc taies on impcn:ts, while t. <I> • reflects
changes in that parameter thereafter. I-mports at
constant market (or purchaser I s) pr iees can then

( O) ....be written M.= 1+<1>. M~. At a glven POHlt ln tlme
the domestic lmarket v:a.lue of imports can be writ­
ten

= (l + M
- P. M.•

l l

But as M~=M. / (l +$~) this becomes
l l l

or p~ =
l

(l +



~ Provided p* .(t) >
uJ
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1
I P .. (t}a ... Otherwise p* .(t) = o

i=O J.. J UJ.. J UJ

10 Alternatively sectoral investments can be exoge­
nously determined. That can be a reasonable ap­
proach particularly in the public sector.

11 The difference between "exogenous variables"
and "parameters" is that the former may have diffe­
rent values in different periods, while the latter
are constant over time.

12 If Figure 1 is
presupposes that a
been obtained.

assumed to apply
solution for i=1

for i=O, it
already has

13 See Johansen (1960), p.3.

14 Estimates of the 1979 energy flows are, howe­
ver, available.

15 For 1975 a complete input-output table is avai­
lable. However, as only one year had elapsed since
the 1973/74 oil price increases, it is quite
likely that the energy input coefficients which
can be observed in the 1975 input-output table do
not represent equilibrium values. To some extent
the same problem apply to the 1979 data, but in
view of the errors in the national accounts up to
1978 that have been discovered, the 1979 data was
regarded as the best choice.

16 On the basis of pooled time-series data from
ten countries, Pindyck estimated, among other
things, the elasticity of substitution between ca-

pital and labor (O'KL)' between capital and energy

( O'KE) and between labor and energy (O'LE ) for the
industrial sector. His results should be regarded
as estimates of the long run elasticities of sub­
stitution, and can thus be used to characterize
the properties of the ex ante technology. lA1i th our
assumptions included in paranthesis, Pindyck I s re­
sults were the following:

O'KL: O. 7 7- O•82 ( 1. OO), O'KE : O. 61 - O. 86 ( O•7 5 ) ,

O'LE: O.93-0.97(O.75}.

1/ Available econometric evidence does not support
the hypothesis that the same "production function"
can be used to de fine the composite good i for all
sectors. See Frenger (1980).
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