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PREFACE

An aggregation involves two sets of variables and three relations. The two sets
of variables are called micro and macro variables. The first relation is a micro
relation in the micro variables. The second relation is a macro relation in the
macro variables. The third relation is an aggregating relation, which expresses
the macro variables as functions of the micro variables.

Aggregation is intrinsically problematic in the following sense. If the micro,
macro and aggregating relations are to be logically consistent, they must be care-
fully chosen so as to fit together. Starting from this fundamental point, one can
formulate a great variety of more or less specific aggregation problems.

Aggregation has often been studied by econometricians, who formulated their
aggregation problems in economic terms. But aggregation problems are formal
in the sense that empirical knowledge does not contribute to their solution. Aggre-
gation problems, like identification problems, are about the logic of mathematical
or statistical models.

Two different approaches to aggregation are predominant in the econometric
literature. The first approach concentrates on pure economic theory. The second
approach is concerned with the statistical estimation of economic models.

The first approach usually assumes deterministic models. A frequent purpose
is to find conditions such that the three relations of an aggregation are logically
consistent. This may be called the consistency approach to aggregation. A sur-
vey of the consistency approach is given in J. Green, "Aggregation in Economic
Analysis'", Princeton 1964. The general result is that consistency in aggregation
is a scarce commodity.

The second, statistical, approach originated with H. Theil, "Linear Aggrega-
tion of Economic Relations', Amsterdam 1954. This approach assumes micro
and macro relations that consist of linear statistical models of the kind used in
regression analysis. The parameters of these models are called micro and macro
parameters. Micro data are assumed to be generated in accordance with the micro
relation. The micro data are aggregated into macro data. The macro relation is
estimated from the macro data by means of regression analysis. The general re-
sult is that the macro parameters thus estimated can always be expressed as

linear functions of the micro parameters.



The consistency approach indicates that aggregations are as a rule inconsistent,
also linear aggregations of linear relations. The statistical approach, on the oth-
er hand, seems to derive the macro relation fro;n the micro and aggregating re-
lations. The two approaches should be confronted. Do they contradict each other?

This question is the point of departure of the present study.

* ok k X X

This book is about linear aggregation in a context of linear regression analysis.
It can be divided into three parts. The first part, chapters 1 to 3, introduces the
concepts and theoretical tools required. The second part, chapters 4 to 8, out-
lines, performs and discusses a formal analysis of certain linear aggregations in
linear regression. The third part, chapter 9, discusses some of the tacit assump-
tions of the formal analysis.

The nine chapters are divided into sections, and these into subsections. Sec-
tions and subsections are referred to by their underlined numbers,- for example
1.2 and 2.5.1. Important results are formulated as propositions. A proposition
carries the number of the subsection where it occurs, with a distinguishing letter
added if necessary. For example, the second proposition of 2.4.1 is called
P.2.4.1.B. Figures and tables are numbered analogously. References are iden-
tified by the author’s name and the year of publication, for example Malinvaud
(19561,

Without loss of essential continuity, section 2.5, chapter 6, and section 8.3

may be skipped. In any case, chapters 1, 4, 8 and 9 should not be skipped.

* ok ok k%

Chapter 1 introduces some basic concepts and broad problems of aggregation.
The concept of consistency is slightly generalized, so as to become applicable to
micro and macro relations that consist of linear statistical models. Starting from
the fact the restrictions on the set of admissible data may be favourable to con-
sistency, two basic types of consistency problems are distinguished. The central
result of Theil’s analysis of linear aggregation is formulated as an interpretation

in micro terms of the macro regression coefficients.



Chapter 2 reviews the parts of least-squares theory needed later. Generalized
least-squares and a regressor matrix of arbitrary rank are always admitted.
Throughout, a distinction is maintained between properties that are based on the
linear model, and model-free properties that are not. The concept of a unique
coefficient function is introduced as a model-free counterpart of the concept of
an estimable parameter function. The relation of estimability to identification is
indicated. A distinction is introduced between designed and observed regressor
data. Certain expressions in deviation form are explicitly derived, using matrix
notation.

Chapter 3 indicates five different types, or structures, of linear aggregation.
The macro data are in every case data from which one regression can be comput-
ed, the macro regression. Two of the types of aggregation are in the dimension
of the regression variables, and two are in the dimension of the observations,
which are called units of analysis. The fifth type of aggregation, which is well
known to economists, is analyzed and decomposed into two of the simpler types.

Chapter 4 outlines the formal analysis to be applied in the next three chapters..
Any micro or macro relation considered consists of linear statistical models.
Any aggregating relation considered is linear. The scheme of analysis comprises
two aggregation problems. The first problem is about the consistency or other-
wise of an aggregation. The formulation of this problem takes into account the
distinction between designed and observed regressor data. The second problem
is concerned with the interpretation in micro terms of a unique coefficient func-
tion in the macro regression. The interpretation occurs in two variants, one of
which is model-free, while the other one is based on the linéar models of the
micro relation. The latter interpretation is a translation into different terminol-
ogy of Theil’s analysis of linear aggregation. The theoretical core of the formal
analysis is the threce propositions P.4.2.6, P.4.3.4, and P.4.4.3.

Chapters 5, 6 and 7 apply the scheme of formal analysis to the five types of
aggregation, three of which occur in one general and one special variant. The
analysis of the fifth type of aggregation is based on that of the first two types.

Chapter 8 sums up and discusses the formal analysis. Some simple examples
are used as a basis for an analysis of the macro parameters and macro relation

established by Theil’s analysis of linear aggregation. The conclusion is that



Theil’s macro relation cannot, except in special cases, be a linear statistical
model. Such models are usually assumed to be invariant with respect to the re-
gressor data, but Theil’s macro relation does not share this invariance property.
Instead, Theil’s macro relation is interpreted as a certain model-free linear re-
gression. Further, the usefulness of the concept of aggregation bias is question-
ed. Finally, there is a brief comment on the role of the coefficient of determina-

tion in aggregation theory.

* K ok kX

Even linear aggregations of linear relations are as a rule inconsistent. There-
fore, if the macro relation derived by Theil is assumed to conform to the stand-
ard specification of a linear statistical model, then there is a contradiction. But
the outcome of the formal analysis is that Theil’s macro relation is not a linear
statistical model. Consequently, Theil’s statistical approach to aggregation cannot
be used to bypass the fundamental difficulty that most aggregations are inconsist-
ent.

Chapter 9 reconsiders the preceding analysis from a wider perspective. Simp-
ly following practice, the formal analysis has treated all regressor data as non-
stochastic constants. This assumption is now questioned, and an alternative is
suggested. The units of analysis are assumed to be drawn at random from a
multivariate normal distribution. This distribution is assumed to be common to
all units of analysis, so that there is a systematic similarity disturbed by random
variation. The consequences are striking. The two aggregation problems of the
formal analysis lose most of their appeal. The theme underlying the formal anal-
ysis was the conflict between the consistency approach and the statistical approach
to aggregation. This conflict now loses its sharpness.

Aggregation problems are about the logic of the models assumed.

* 3k ok ok %



I wish to express my thanks to the following people for the support and assist-
ance they have given me. Professor Sten Malmquist supervised my research on
aggregation during the many years preceding the completion of this book. Profes-
sor Ove Frank and Docent Anders Klevmarken read and discussed with me vari-
ous parts of earlier versions. The final typing and editing was done by Mrs. Ma-

rion Ekstrém and Mrs. Git Sundt.
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Finally, a quotation. In one of his books, the German poet Christian Morgen-

stern described the exploits of the two friends Palmstrém and von Korf.,

Korf erfindet eine Tagnachtlampe,
die, sobald sie angedreht,
selbst den hellsten Tag

in Nacht verwandelt.
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1 SOME FUNDAMENTAL CONCEPTS AND PROBLEMS OF AGGREGATION
1.1 Some fundamental concepts

1.1.1 Aggregation and disaggregation

Statistical methods are not applied to the real world directly, but to data
representing the real world. Preliminary to statistical analysis, the relevant
information on the real world must be formulated as data. A set of statistical
data can be looked upon as a numerical picture of a selected segment of the real
world.

Numerical pictures, like maps, can be made in more than one way. In partic-
ular, two numerical pictures of the same aspects of the real world may differ as
to degree of detail. More precisely, they may differ in such a manner that the
more summary picture can be constructed from the more detailed picture.

For example, consider an imaginary econometric study. The aspects of the
real world to be studied are the consumer behaviour, during eight weeks, of
each of one thousand households of equal size. For each week separately, each
household registers its income and its expenditure on each of nine groups of
commodities and services. The resulting detailed data consists of 80,000 pieces
of data.

Now suppose that the nine commodity groups are collapsed into three. Fur-
ther, incomes and expenditures are registered for the whole eight-week period
only. Finally, the households are grouped into fifteen income classes, and the
only data reported are the averages for each group. The resulting summary data
consist of 60 pieces of data.

The two sets of data in the example are numerical pictures of the same seg-
ment of the real world. The two pictures differ as to degree of detail. The sum-
mary picture can be derived from the detailed picture.

Some terminology will now be introduced. Consider two different procedures
for describing a segment of the real world by means of statistical data. If the
real world were sufficiently different, the data would be different. Thus, each
single datum is to be regarded as a variable. Assume that the two procedures
are such that, whatever the reality described, the more summary data can be

computed from the more detailed data by a fixed rule of computation. The more
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detailed data are then called the micro data, the more summary data the macro

data. The process of exchanging the micro data for the macro data is called an

aggregation, the reverse process a disaggregation.

Let the micro data be arranged into a variable vector d, the macro data into
a variable vector D. The fixed rule by which the macro data are computed from

the micro data is a vector function F,
D = F(d) .

This vector function is called the aggregating function.

As a rule, aggregations are such that the macro data vector D has fewer

elements than the micro data vector d, and such that an inverse (disaggregating)

function F—1 does not exist. In other words, as a rule some information is lost

in the aggregation, and cannot be regained by a purely formal operstion.

1.1.2 Micro and macro relations

The purpose of a statistical analysis of data is often to investigate some
theory. A theory restricts the behaviour of the real world. If the numerical
picture used is relevant, the theory implies restrictions on the data. Often, but
not always, these restrictions are to the effect that certain elements of the data
are functions of the other elements.

In the example of 1.4.1, the theory could be that all demand functions are
constant-elastic and common to all households. If the micro data are a relevant
numerical picture, this theory implies that the logarithm of the expenditure on
a given commodity group is a linear function of the logarithm of income. Further,
the same function applies to every household and week.

Alternatively, one might consider the macro data relevant, and would then
expect these to satisfy log-linear relations, each relation being valid for all
fifteen income groups.

In the example, there is one single theory, although it is somewhat uncertain
whether it restricts the micro data, the macro data, or perhaps both. There
could also have been two different theories, one for the micro data and another
one for the macro data.

Further, in the example different parts of the data can be compared in order
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to provide a partial check on the theory. For example, the data can be plotted
on double-logarithmic paper. In other cases there are fewer data, in particular
macro data, and no such internal checking is possible.

Some more terminology and notation will now be introduced. A theory of the
kind exemplified divides the relevant set of data into two subsets. Thus, the

micro data vector is partitioned into the independent micro data vector x and

the dependent micro data vector y. The restrictions on the micro data are ex-

pressed by the vector function

y =0,

which is called the micro relation.

Analogously, the macro data are partitioned into the independent macro data

vector z and the dependent macro data vector u. The restrictions on the macro

data are expressed by the vector function

u =gz,

which is called the macro relation.

1.1.3 Semi-aggregation and semi-disaggregation

The distinguishing feature of aggregation is that the macro data are a function
D = F(d) of the micro data. This need not mean that each single macro datum is
a function of every micro datum. For instance, in the example of M, macro
income data are functions of the micro income data only, and similarly for the
expenditure data. More generally, the independent macro data are functions of
the independent micro data only, and similarly for the dependent macro and
micro data. Aggregations which have this property will be called segregated.

In segregated aggregation, the aggregating function is split into two separate

vector functions. One is the aggregating function for independent data

z = gx) ,

and the other one is the aggregating function for dependent data

u = h(y) .

This terminology will be reconsidered in 3.1.1.
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A segregated aggregation involves four variable data vectors and four fixed
vector functions. Their interrelations are shown in Figure 1.1.3, which is,
apart from notation, due to Malinvaud [1956]. As a rule, the four vector func-

tions are not assumed to have inverse functions.

Fig. 1.1.3 The formal structure of segregated aggregation

If the micro relation ¢ is substituted into the aggregating function for depend-

ent data h, the outcome is a composite vector function

u = h(p(x) ,

which will be called the semi-aggregated micro relation. In the figure, it is re-

presented by the arrow path from x by way of y to u.
If the aggregating function for independent data g is substituted into the macro

relation 3 , there results a composite vector function

u = YEX)

which will be called the semi-disaggregated macro relation. Its representation

in the figure is the arrow path from x by way of z to u.

This study is concerned with segregated aggregation only.

1.1.4 The concept of point-consistency

Four fundamental and two derived relations have been introduced above.

G: z=g(x) aggregating function for independent data,
H: u=h(y) aggregating function for dependent data,
&: y=¢(X) micro relation,

T u=(2) macro relation,

H®:u=h(p(x)) semi-aggregated micro relation,

YG:u=(g(x)) semi-disaggregated macro relation.
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Throughout this study, the single and paired letters G, H, &, ¥, H&, and VG
will be used as a brief symbolic notation.

The term "'aggregation" can be given a narrower or a wider meaning. An
aggregation in the narrower sense is defined by the two aggregating functions
alone; in symbols {G. H}. Aggregation in this sense is unproblematic. An
aggregation in the wider sense includes into the definition the micro and macro
relations, too; in symbols {G, H, &, ¥}. Below, the term is used in the wider
sense.

Any four vector functions of appropriate orders define an aggregation
{G, H, &, ¥}. Consider such an aggregation and a given independent micro data
vector x. What dependent macro data vector u corresponds to x ? The semi-
aggregated micro relation H& gives an answer. The semi-disaggregated macro
relation ¥G gives an answer, too. The two answers may well turn out to be

different. The situation is illustrated by Figure 1.1.4.

Fig. 1.1.4 The question of consistency

If an aggregation is such that. for a given admissible independent micro data

vector X ,
h(o ) = ¥ (B(x) .

the aggregation is said to be point-consistent for that x. Otherwise it is point-
inconsistent for the x in question. Loosely speaking. point-inconsistency is the
rule and point-consistency the exception. This is the root of the complex of
problems sometimes named, collectively, "the' aggregation problem.

A different but related concept of consistency will be introduced in 1.2.3.
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1.4.5 A generalization: Stochastic relations

Up to this point, micro and macro relations have been assumed to be deter-
ministic vector functions, where an independent vector determines a dependent
vector exactly. This was a simplification. In econometrics, economic theories
are not normally taken to imply such exact restrictions on the data. Instead, the

typical micro or macro relation is what can be called a stochastic vector func-

tion. The dependent vector is assumed to be stochastic, and the independent
vector determines its probability distribution.

Assume that the micro and macro relations are stochastic vector functions.
The ‘dependent ""quantities' of the micro and macro relations are no longer the
dependent micro and macro data vectors y and u, but probability distributions

for them,

il

Pr (y < yo) ®(YO) )

Q(uo) >

1

Pr (u < uo)

By the micro and macro relations, the independent micro and macro data vectors

x and z determine the respective distributions. In symbols,

&: x~ 0(),
v: z7 Q) .

The aggregating functions are as before but are now written

in conformity with the notation for & and ¥ .

The aggregation now involves four data vectors, two probability distributions,
two deterministic and two stochastic vector functions. Their interrelations are
indicated by Figure 1.1.5.A, which is, apart from notation, due to Malinvaud
[19567.

By the aggregating function H, the vector u is a function of the vector y.
Given certain mathematical reservations on the nature of H (see e.g. Wilks
[19627 section 2.8) this implies that the probability distribution of y determines

that of u. In symbols,

H*: g()7 20¢) .
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If the micro relation & is combined with H*, the outcome is the semi-aggregated
micro relation
Hg: x e¢)” Q) -
If the aggregating function G is combined with the macro relation ¥, the semi-
disaggregated macro relation
g
zZ

vG: x Q)

is immediately obtained.

] ]

_)I Pr(ysy) = 8(y,) ]

[1: 3]

— v zdﬂ(.)‘;l Prusu,) = Q(uo)l

Fig. 1.1.5.A The formal structure of aggregation with stochastic relations

Any set of two deterministic and two stochastic vector functions of appropriate
orders define an aggregation {G, H, &, ¥}. What probability distribution Q of u
corresponds to a given x ? The answers given by the semi-aggregated micro and
semi-disaggregated macro relations may well differ. The situation is illustrated

by Figure 1.1.5.B.

[¢}——f 00
[

[Fu]

Fig. 1.1.5.B The question of consistency for stochastic relations

A possible generalization of the concept of point-consistency is as follows.
An aggregation is considered to be point-consistent for a given admissible in-

dependent micro data vector x, if and only if for that x

QH@ (uo) = Q\I}G(uo) for every v



22

This concept may be called distributional point-consistency, because it means

that at the point x the two probability distributions of u are identical.
The above formal apparatus is very much inspired by Malinvaud [19567,

section I.

1.1.6 Expectational point-consistency

Distributional point-consistency means that two probability distributions are
identical. A less stringent requirement is often preferable. A weaker concept
of consistency will now be defined, for use in 4.2 and later.

Let EH@ (u) denote the expected dependent macro data vector according to the
(u) . Both expected

TG
vectors are functions of the independent micro data vector x. Often, H® and

distribution (u), and similarly for E_ _(u) and
Qs VG

¥G are such that no other properties of () change with x .

If an aggregation is such that, for a given admissible independent micro data
vector x,
E = E
e @ = Egq@

the aggregation is said to be expectationally point-consistent for that x. Other-

wise it is expectationally point-inconsistent for the x in question. If the expecta-

tions do not both exist, the concept of expectational consistency is not applicable.

On the terminology in 1.1, see 1.4.2.

1.2 Problems related to consistency

1.2.1 Four examples
Four examples will be studied. Each is a different specialization of the follow-

ing class of aggregations. The four data vectors are

xz{xo,x1,...,xh,...,xq}, q= 2,

<
]

{y1, e Vpsoeees yq} s
z = {zo,zi} ,

u= {ul .
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The four vector functions are

q
G: Zy=Xg 3 Zizhfighxh’
q
H u~§1yh,
" By
OV T Ky o RS d
\UH u=‘)/zx'ozf

The semi-aggregated micro and semi-disaggregated macro relations are

q N
Hé: u = Z X 3
RN
6

RV S
G u =YX (hfighxh)

, q are admissible. The para-

Only independent micro data xh >0, h=0, 1, ...
., 4q; Y>>0, » <0,

meters are restricted ah >0, ){h < 0, Bh >0, h=1, .

6>0.
A possible interpretation is that & is the constant-elastic demand functions

of q households, and ¥ the analogous "'aggregate' demand function. Then XO

is the price of the commodity in question, while X h = 1, are the incomes, and

i the quantities demanded.
Example 1.2.1.1. Here, q= 2, 8y =8y = 1, 51: 52: 1, and &6 =1.
= 6 and x2=-3, vY=3and )\ = -2. Thus

=1 = -1
Further, a1 and %y s az

-1 -
H = +
Hé: u XO X1 6x0 x2 s

-2
i ou= + .
vG: u=3 Xg (x1 xz)
For what independent micro data vectors x = {xo, Xi’ xz} is the aggregation

point-consistent ?
When the aggregation is consistent, the two expressions for u are equal.

Their difference vanishes,

-2 -3
- + - =
XO (xO 3) X, 3 X 2 XO) X,
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For what admissible vectors x does this equation hold? For any given X, it is

the equation of a straight line through the origin in the (x1, x2) plane, say

W1X1 +w2x2 =0,
where w, and W2 are functions of xO. The signs of wy and Wy are as follows.
0<x0<2 w1<0 W2>O,
x0:2 W1<0 w2:0 s
2<x0<3 w1<0 W2<0,
x0=3 w1:0 w2<0 s
3<x0 w1>0 w2<0 .

Thus if 2 < x0 < 3, the line does not pass inside the first quadrant.

A necessary and sufficient condition for point-consistency is that X, < 2 or
x> 3 while (Xi’ x2) is a point on a certain straight line, which is different for
different values of X,

Example 1.2.41.2. Again, q= 2, 8y = 8y = 1, Bi: 52= 1 and § =1.
=-3, y=1 and A = -2. This,

=1 and 4, =-1, a_=1 and %

Now, o 1 9 9

1
Hé: u=x_ x, +x XxX_,
-2
TG u=x (x, +x
For what independent micro data vectors x = {xo, Xy xz} is the aggregation

point-consistent ?

As in the preceding example, consistency implies an equation,

-2 -3
-1 + - =0.
XO (xO )x1 X (1 xo)x2 0

If the equation is denoted WX, + sz2 = 0, the signs of Wy and w, are as

follows.
0<x <1 W1<O 2>0,
x0:1 w1=0 2=0,
1 <x w1>0 w2<0

When X, = 1, the equation does not define a line in the (Xi’ Xz) plane, but is

satisfied by any (Xi’ x2).
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A necessary and sufficient condition for point-consistency is that either X, = 1
while (Xi’ xz) is arbitrary, or else x1 # 1 while (Xi’ XZ) is a point on a certain

straight line, which is different for different values of X,

Example 1.2.1.3. Tentatively, the whole class of aggregations is considered.

What members of the class are point-consistent for all admissible independent
micro data vectors x ?
Assume consistency. Then the two expressions for u are equal, and the

equation

q nyA B ( q }5

T o x = by X
R T A WA N

holds identically in x. The RHS does not vary with X If there is an h such

that ”h > X , the LHS increases infinitely as x - oo . If there is an h such that

0

"y < X\ , the LHS increases infinitely as x_ - 0. Thus Ay = A for every h.

0
The remaining equation is differentiated w.r.t. X, where i is one h. This
trick and the following reasoning are inspired from Green [1964]. The resulting

equation
B.-1 q 6-1
o.B.X o= vbg g
%% i\ 0™

holds identically in x. Since the LHS does not vary with any Xh whose h # i,
neither does the RHS. Thus § = 1. But then the RHS does not vary with Xi, and
so neither does the LHS. Thus Bi =1, and consequently o=y The argu-
ment is repeated for i=1, ..., q.

The aggregation is point-consistent for all admissible x if and only if

Ay = Mg T eeeen :nq=>\,
= S e = = =1
1 82 Bq ,
= ., =1, ... .
oy Vgh.h , » q

Interpreted in economic terms, all micro and macro price elasticities are equal
mutually, all micro and macro income elasticities are equal mutually and to
unity, and the micro incomes are weighted in the aggregation proportionately to

certain micro parameters.

Example 1.2.1.4. Again, the whole class of aggregations is tentatively
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considered. Now, the independent micro data vector x is subject to the restric-

tions

where gh are given positive constants. What aggregations are point-consistent
for all positive values of xO and t ?
Assume consistency. The two expressions for u are equal, and the equation

q B, w, -\ B, -6 (q )5
h "h h

T o X t =y| £ g ¢

het heh 7o 4 "h >h

holds identically in (xo, ty. The RHS does not vary with X, or t. As in the

preceding example, this implies that »_ = \ for every h. By an analogous

h
argument, it also implies that Bh = § for every h. Finally, the equation

a g q 5
hzzi 0lh gh =Y h§1gh gh

is also implied.

The aggregation is point-consistent for all admissible vectors x, where the

elements Xps wees xq maintain fixed proportions, if and only if
%1 = KZ IR = %q =X
51 = 92 = i = Bq =0,
6

In economic terms, all micro and macro price elasticities are equal, and
similarly all micro and macro income elasticities. The last condition is better

not verbalized.

1.2.2 Two basic types of consistency problems

Most aggregation problems concern a class of aggregations. Often, each of
the four vector functions G, H, &, ¥ is specified only as a class of functions,
whose members are distinguished by different numerical values for certain para-
meters. All the parameters of G, H, &, ¥ together form the total parameter

vector p of the class of aggregations.
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Problems concerning consistency also involve the independent micro data
vector x. The elements of x are regarded as variables, and may be subject to
restrictions.

The beginning of 1.2.1 provides an example, if q is fixed. The total para-

meter vector is
p:{gi’..., gq;a15 ni’ Bi""’aq’ Kq,Bq;'}’, X; 6} .
The aggregating function H contributes no parameters in this case. The inde-

pendent micro data vector x and the restrictions on p and x were specified in

1.2.1.

Consider a class of aggregations, i.e. a given set |] of total parameter
vectors p, and a given set = of independent micro data vectors x. The question
of point-consistency can be raised for every pair of one aggregation p ¢ ] and
one data vector x < = . For every pair (p, x) the verdict is either 'point-con-
sistent' or ''point-inconsistent''.

Consider a subset Ui of the set of aggregations []. Those data vectors x € =
for which every aggregation p € IIi is point-consistent, form a subset of = ,
perhaps the null set, which will be denoted = ( ni).

Similarly, consider a subset Ei of the set of data vectors = . Those aggrega-
tions p € [l which are point-consistent for every data vector x ¢ Ei’ form a sub-
set of 11, perhaps the null set, which will be denoted H(Ei)'

The above formal apparatus is inspired by similar ideas in Alstadheim [19687.

There are two basic types of aggregation problems concerned with consistency.
The first type of problems selects a set Hi of aggregations and asks what is the
corresponding set E(ni) of data vectors. Problems of this kind will be called

direct consistency problems. The second type of problems selects a set By of

data vectors and asks what is the corresponding set (Ei) of aggregations.

Problems of this kind will be called indirect consistency problems.

Example 1.2.1.1 is a direct consistency problem. The set 1'[1 has a single
member. The set = ( 1‘[1) can be visualized as part of the locus of those points in

the (xo, X XZ) space that satisfy the equation h(¢(x)) = i (g(x)). The locus is a

1 3
curved two-dimensional surface. The part inside the positive orthant is retained.
The solution has not much intuitive appeal. Loosely speaking, this is typical of

direct consistency problems.
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Example 1.2.1.2 is quite analogous to the preceding example. Nevertheless
its solution = ( II2) is qualitatively different. It consists of a surface like that

just described, plus the plane x_ = 1, both restricted to the positive orthant.

The ''additional" part of = ( 1‘[2) ios due to what can perhaps be called a singularity
in the equation h(p(x)) = ¥ (g(x)).

Example 1.2.1.3 is an indirect consistency problem. The set Eq consists of
the entire positive orthant. The solution described the set T] (= 3) by means of

3q+1 independent restrictions. The corresponding micro and macro relations

are

. = 5z
A\ u=yzgz,

Interpreted in economic terms, this is a set of demand functions which is too
restricted to be of much interest. Loosely speaking, this is typical of indirect
consistency problems.

Example 1.2.1.4 is another indirect consistency problem. The set 54 is a

subset of = _. By definition 54cz implies ]‘[(54) 2 n(a3). The set n(:~:4) is

3 3
less restricted than (= 3). The solution describes it by means of 2q+1 in-

dependent restrictions. The corresponding micro and macro relations are

P
: = =1, ...
& Y T % %0 %, h=1, » 4,
. _ PEe) _ ) 6
¥ u 720 z, where y Zhahgh / (Zhghgh) .

Compared with the preceding example, the restriction § =1 has gone, and the
proportionality requirements for ah and gh have been replaced by a single

restriction.

Direct and indirect consistency problems do not form an exhaustive classifica-

tion of all aggregation problems directly concerned with consistency.

1.2.3 Another concept of consistency

In the econometric literature, indirect consistency problems are sometimes
formulated a little differently in two respects. An example is Green [1964],

ch. 5.
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First, the set E; of independent micro data vectors is not specified explicitly.
Instead, it is tacitly understood that x is not restricted except as required by
the economic interpretation. For example, any non-negative number is admis-
sible as a price.

Second, the term ''consistency' is not used in the point-wise sense of 1.1.4
or 1.1.6. Instead, an aggregation p is called consistent if and only if
pET (Ei). In other word, p is consistent if and only if it is point-consistent for
every x €=, .

In the terminology indicated, the question asked in an indirect consistency
problem is simply: What aggregations p are consistent?

The terminology described implies a modified concept of consistency. I 1.1,
consistency was defined as a possible property of the pair (p, x) of one aggrega-
tion and one independent micro data vector. According to the new terminology,
consistency is a possible property of the pair 'gp, Ei) of one aggregation and one
(understood) set of independent micro data vectors.

The concept of consistency is now redefined as follows.

A set of independent micro data vectors = is assumed to be given. An aggre-
gation { G, H, &, ¥}, where & and ¥ are deterministic vector functions, is said

to be consistent if and only if

h(pX) =y (gx) foreveryxecxz.
If 8, I are stochastic vector functions, the aggregation is said to be (expectation-
ally ) consistent if and only if

EH<I> w=E_ (u foreveryxecz.

vG

An analogous concept of distributional consistency relative to a set could also be

defined.

The above concept of expectational consistency was formulated independently

by Hannan [1972] and by Liitjohann [1970a].

1.2.4 Articulated consistency problems

Indirect consistency problems as described in 1.2.2 ask a single question

about the total parameter vector p as a whole. By the definition of consistency
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in 1.2.3, the question is: For what vectors p is there consistency?

Given an indirect consistency problem, the analysis can be brought further.
The total parameter vector can be partitioned in some given way p = (p1, pz),
and different questions can be asked about the two subvectors. First, for what
subvectors Py is consistency attainable by suitable selection of p2? Second, if
Py is such as to admit consistency, how should the subvector P, be chosen so
as to achieve it? Problems of this more refined kind will be called articulated

consistency problems. The elements of the subvector Py will be called the

critical parameters. The elements of the subvector P, will be called the discre-

tionary parameters.

For example, consider again the indirect consistency problem of example
1.2.1.3. A possible background is as follows. An investigator assumes that the
micro relation & is valid, although he may not know its parameter values. He
aggregates by the aggregating functions H and G, where he is willing to accept
any weights g that turn out to be helpful. He would like the macro data to satis-
fy a macro relation of the form . The parameters vy, ), § of ¥ may take what-
ever values are required by the circumstances.

Given this background, it is natural for the investigator to consider the follow-
ing articulated consistency problem. The critical parameters p, are the para-
meters of &. The first question is: What restrictions, if any, must be imposed
on the parameters of & for consistency to be at all attainable? The discretionary
parameters are the parameters of v and G. The second question is: If the para-
meters of & admit consistency, how should those of ¥ and G be chosen to
achieve it?

The solution of the indirect consistency problem in example 1.2.1.3 provides
answers to both questions. First, consistency requires of & that % = ¥ and
Bh =1, h=1,..., q, where x is some negative number. Second, if these re-
quirements are fulfilled, in order to fit & the parameters of ¥'and G must be
chosen so that y =%, § =1, and ygh:ah ,h=1,...,q.

Another possible background for example 1.2.4.3 is as follows. An investi-
gator assumes that the macro relation ¥ is valid for specified parameter values,
perhaps unknown. He also assumes that the aggregating functions H and G are
valid, where gh =1 for all h. He would like to know whether a micro relation of

. the form & is consistent with these assumptions.
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Given this alternative background, the appropriate articulated consistency
problem is as follows. The critical parameters are those of ¥. The discretion-
ary parameters p, are those of . The parameters of G are fixed, and are
therefore omitted from the total parameter vector p.

Again, example 1.2.1.3 provides the answers. First, in order for consisten-
cy to be attainable, the parameters of the macro relation must satisfy the single
restriction § = 1. Second, if § =1, in order to achieve consistency, the para-
meters of the micro relation must be chosen to be 0.h =Y %y T > Bh =1,
h=1,...,q.

A particular class of articulated consistency problems will be introduced in

4.2. On the terminology in 1.2, see 1.4.2.

1.2.5 The classical Econometrica debate

One source of aggregation problems in economics is the wish to establish an
explicit connection between micro-economic and macro-economic theories. In a
classical debate in Econometrica, it was discussed what kind of consistency
problems ought to be considered in this context. The following brief review does
not cover the specific economic argumentation.

One idea was proposed by Klein [1946a]. Micro-economic theories should be
accepted as given. Macro-economic theories should be postulated, but the defi-
nition of the aggregates involved should be left open. '""Then construct aggregates
which are consistent with the two theories."

Formally, Klein takes as given the micro and macro relations & and ¥, and
tries to find consistent aggregating functions G and H. He seems to intend the
independent micro data vector set = to be essentially unrestricted.

Another idea was proposed by May [1946]. A particular micro-economic
theory should not be studied isolated from the total micro-economic context, say
a general equilibrium system. The other relations of the complete model may
limit the freedom of the variables involved in the particular theory. Macro-eco-
nomic aggregates should be defined. Then, if the number of degrees of freedom
left is appropriate, 'the functions of the simplified model are derived as func-
tionals of the functions of the general model."

Formally, May takes as given the micro relation &, the aggregating functions
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G and H, and the restricted independent micro data vector set = implied by,
let us say, the micro-economy at large. If these givens are appropriate, the
macro relation I cén be derived mathematically from them.

Yet another idea was proposed by Shou Shan Pu [1946]. The distribution
among the micro-economic entities, say firms, of a quantity to be aggregated,
say a factor of production, should not be assumed to be free to vary arbitrarily.
It may be economically reasonable to assume that there exists a pattern to which
the distribution always adheres, for example because the firms operate under
perfect competition. Macro-economic aggregates should be defined. Then, 'as
long as there are any definite relations that determine the pattern of distribution,
a unique aggregate production function can be formulated."

Formally, the approach of Shou Shan Pu agrees with that of May.

Shou Shan Pu objected to Klein’s approach that it could well lead to unnatural
macro-economic aggregates, for example geometric averages.

The ideas of May and Shou Shan Pu were criticized by Klein [1946b7] for mak-
ing \ depend on =. The macro relation ¥ is thus determined not only by the
micro relation & but also, indirectly, by other relations and conditions of the
total micro-economic system. But "the aggregate production function should not
depend upon profit maximization, but purely on technological factors."

In defense of his approach, May [1947] argued i.a. that Klein’s requirement,
that a production function ought to be purely technological, is not reasonable even
in micro-economics.

Somewhat less sketchy reviews of the classical debate are given in Nataf

[1962] and in Alstadheim [1968].

1.3 Problems of interpretation

1.3.1. Three examples

The linear models assumed in regression analysis are a special kind of
stochastic vector functions. In the following three examples of aggregation, the
micro and macro relations consist of one or two such models. Regression coef-

ficients are computed from the given set of micro and macro data for n > 2
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observations. (Formally, this anticipates chapter 2, but the examples are very
simple.)

There are six data vectors

x' :{Xi,...,Xn}, )
SRS P R TTT

y' ={Y1,...,Yn},

y"' = {Yii,..., Yin; Y21,. , an},

z = {zi,..., Zn],

u ={U1,...,Un}.

Each example involves either x' or x'", either y' or y'.

Averages are defined as follows,

— @ n
Xy =1 21 Koy
and similarly for i, ii’ -S?, ?1, ?2, 7 and E

Deviations are defined as follows,

=X_.-X i=1,...
X2J ZJ 2:] s , I,

and similarly for x., x,., y., " ., z,and Xx_.
Y 7 Yy Ty Ve % i
In the examples, any summation is over j from 1 to n. Further, the denom-

inator of any computed regression coefficient is assumed not to vanish.

Example 1.3.1.1 involves x', y'', z and u. The four vector functions are as

follows, where in each casej=1,..., n.

G: Z,=X;z =X,
] J ] )]

H: U.=Y,.+Y_..;u, = .ty
j 157 Yot YT Yy Yy

34,.:011 +51XJ. +€1j’ E(eij)zo,
? E(QZJ)ZO,

& )7 ,

{2j—a2.82Xj+ezj

U: U =y+82Z +n, E(n,)=0.
iTY i (n])

The probability distributions of y given x and of u given z are only incomplete-
ly specified.
From the macro data, the regression of U upon Z is computed. The regres-

sion coefficient d corresponding to the parameter § is



34

From the micro data, the regressions of Y, and Y2 upon X are computed. The

1
regression coefficients b1 and b2 corresponding to the parameters B1 and BZ
are
Xy Xy
b, = A H b= iz
1 2
X Tx

By G and H, the relation

d:b1+b2

follows immediately.

Example 1.3.1.2 involves X', y', z and u. The four vector functions are as

follows, where in each casej=1,...; n.

Z, =X,  +X_.;2Z =X, +X__,
1j 27 ) 2]

G
H: U-=Y.;u-=y.,
i
&: Y.=a+BX, +BX .+€,6 E(e)=0,
j 1715 "202) (J)
v

U =~4+8Z. +n., E(n.)=0.
joy ez m, Bing)

From the macro data, the regression of U upon Z is computed. The regres-
sion coefficient d is as in the preceding example.

From the micro data, the regression of Y upon X, and X2 is computed. The

1
regression coefficients b1 and b2 corresponding to the parameters B1 and 82

are solved from the following pair of normal equations.
2
+ =
(inj ) b1 (injXZj)bZ injyj ,

275 °

2
+ =
(ZX.‘Zinj ) b, (Zx2j )b2 X
By G and H, addition of the two normal equations produces

Yz.X,.)b, +(Zz.x_.)b.=%z.u,.
(2111)1(121)2 i

When the LHS is substituted in the numerator of d, the relation
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Yz.X,. Sz X
i iz
d= = b, + _— b
2 1 2 2
Tz, Yz,
J ]

follows immediately.

Example 1.3.4.3 involves x'", y'", z and u. The four vector functions are as

follows, where in each case j=1,..., n.

G: Z. =X +X_ .,z =X, +X_.,
i 1 7257 73 T4 T2

H: U =Y, +Y_.;u=y, +y..,
j 1j 2)" U TV T Yy
= + + = N
.. Yij a, B1X1j eij,E(e1j) 0,
Yzj:a2+BZX2j+ezj,E(ezj):o,

: U.=v+082Z. +n,E(n.)=0
v i 7 jome B

The stochastic specification of the micro relation implies for j=1,..., n

E(yij): Bixij ,

E (y2j) = Bzxzj

From the macro data, the regression of U upon Z is computed. The regres-
sion coefficient d is as in the preceding examples.

By the aggregating function H,

rz.y,. z2.y,.
i1 R )
2

2
vz, Sz,
] J

d=

By application of cp*, there follows the relation

Zz.xi. ZZ.XZ.
E (d) = _J_J 5 + | __J_l B R
& 2 1 2 2
sz sz

where Eq; denotes expectation according to &.

1.3.2 Interpreting macro statistics in micro terms

A potential source of aggregation problems is the following situation. A theory
is to be investigated empirically. Data that give sufficiently detailed information

are not available, perhaps for reasons of cost. Instead, there are less detailed
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data. The investigator must try to extract information from the data available,
even though that information is incomplete.

In favourable cases, the situation can be formalized. A class of micro rela-
tions & is given or assumed, but the actual parameter values are not known.
Micro data (x, y) are not available. A set of macro data (z, u) is available, and
the aggregating functions G and H are known. From the macro data there is

computed a vector of macro statistics
T (z, u).

The macro statistics are intended to shed light on the parameters of the micro
relation &, or at least on the micro data (x, y).
Precisely what micro information do the mactro statistics T (z, u) give?

This quite open-ended question will be called the interpretation problem for the

aggregation and statistics in question.

The interpretation problem makes no reference to the macro relation \ of the
aggregation. Thus, no macro relation need be assumed. If one is assumed, its
only role is to serve as a motivation for the macro statistics T (z, u).

The three examples of 1.3.1 illustrate different kinds of answers to the inter-
pretation problem. In all three examples, there is a single macro statistic, the
regression coefficient T (z, u) = d.

In examples 1.3.1.1 and 1.3.1.2 there is considered also a vector of micro
statistics

t(x,y)
that could be computed from the micro data, if these were available. There are
in these examples two micro statistics, the regression coefficients t (x, y) =
= (bi’ bz). The macro statistic T (z, u) is interpreted in terms of the micro
statistics t (x, y). The interpretation makes no reference to the micro relation
& of the aggregation. Thus, no micro relation need be assumed. If one is assum-
ed, as in these examples, its only role is to serve as a motivation for the micro
statistics t (x, y).

In the first two examples, the interpretation problem is answered by a rela-
tion between the macro and micro statistics. The relation is not based on the

macro and micro relations, only on the aggregating functions G and H. Such
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answers to the interpretation problem will be called model-free relations.

In example 1.3.1.1, the model-free relation is d = b1 + b2. No unknown
quantities are involved except the micro statistics. Loosely speaking, this is

atypical.

In example 1.3.1.2, the model-free relation can be formulated
d= Wibi + w2b2 s

where w1 and W2 are functions of the independent micro data x, and are thus

unknown. But whatever the micro data, it is known that

+ =1
W, Wy ,

although w, or w, may be negative. Thus in a generalized sense, d is a weight-
ed average of b1 and b2. This may be a useful interpretation if approximate val-
ues of Wy and W, can be guessed.

In example 1.3.1.3, the interpretation problem is answered by a relation of
a different kind. Its LHS is the expectation, according to the micro relation, of

the macro statistics,

E<I> (T(z, u)) .

Its RHS involves the parameters of the micro relation &. The relation is based
on the aggregating functions G and H and on the micro relation &. Such answers

to the interpretation problem will be called expectational relations.

The expectational relation in example 1.3.1.3 is
= +w
Eg@=w, B +wyB,y,

where the weights w, and W, are as in the preceding example.

1
The model-free relation in example 1.3.1.2 implies a similar expectational
relation, since by the micro relation E (bi) = Bi ,i=1, 2.
The expectational relation in example 1.3.1.3 does not imply a similar model-
free relation. Here it is nf)t the case that d = W1b1 + wzb2 , where b1 and b2 are
the simple regression coefficients corresponding to Bi and 82 .

A particular class of model-free relations will be introduced in 4.3, and a re-

lated class of expectational relations in 4.4. On the terminology in 1.3, see 1.4.2,
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1.3.3 The macro parameters derived by Theil

Perhaps the most natural approach to aggregation is to look for conditions un-
der which there is consistency. More often than not, the conditions are found to
be unrealistically restrictive.

In his pioneering work on linear aggregation of economic relations, Theil
[1954] took a more constructive approach. That approach will now be described,
using the concepts and terminology that have been introduced earlier in this
chapter.

The situation considered is of the kind where the interpretation problem is
relevant. The macro statistics T (z, u) are regression coefficients dh ,
h=1,..., g. The micro relation & consists of one or more linear (regression)
models with parameters Bi’ i=1,..., p, where p is the total number of such
parameters. The aggregating functions G and H are linear.

Theil’s approach is in two steps. The first step is to answer the interpreta-

tion problem by means of expectational relations of the form

p
Bg(dy) =2y Wi B P=teena,

where Wyi are certain functions of the independent micro data x. Example
1.3.1.3 illustrates the first step.

The second step of Theil’s approach is to postulate a macro relation ¥ which
is a linear (regression) model with parameters éh , and to identify the expected
macro regression coefficients with these parameters. '""These estimates are, as
usual, postulated to belong to certain macroparameters; and these are the para-

meters in which we are interested. More precisely, we interpret the macropara-

meters as the expectations of their estimates." (Theil [19547, moment 2.2.1.)

Thus,

p

z

= =1,...,q.
by = 24 PPy BT d

In example 1.3.1.3, Theil would write § = wiﬁ1 + W2BZ .
In summary, Theil proceeds as follows. To begin with, there is an incomplete
aggreation {G, H, &}. Then a macro relation \J is postulated, and its parameters

are derived from the given G, H and &. The result is a complete aggregation

{G, H, &, U}.
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It turns out that the complete aggregation thus established is not expectation-
ally consistent. The semi-aggregated micro relation H$ and the semi-disaggre-
gated macro relation G give, in general, different forecasts of the dependent
macro data vector for a given independent micro data vector x. 'Suppose, for
instance, that for some ) all microvariables X)\i increase by one unit, so that
the macrovariable x)\ must increase by I units. If we assume all other exogenous
variables and the disturbances to be constant, we can deduce from the macroequa-
tion that y must be increase by B)\I ..... units. On the other hand, the micro-
theory will tell us that under these assumptions each microvariable A will in-
crease by B)\i units, so that the macrovariable y must increase by E)\I units.
This is clearly not identical with the prediction according to the macrotheory. So

we see that there may be contradictions between conclusions from the macro-

theory and those from the microtheory.' (Theil [1954], moment 2.3.4.)

The purpose of the formal analysis later in this study is to try to sort out this

confusing situation. Conclusions will be stated in 8.1 and 8.2.

1.4 Some further topics and references

1.4.1 Seven topics not covered in this study

This study does not attempt to cover the whole field of aggregation theory and
applications. Seven of the more important omissions are listed below.

First, index-number theory is a part of the theory of aggregation. This is so

whether the approach is that of I. Fisher [1922], that of Konyus [1924; 19391,
or that of Theil [19607.

Second, the concept of functional separability. Economists sometimes wish to

simplify differentiable functions by aggregating the arguments into a smaller num-
ber of aggregate arguments, each representing a subset of the original arguments.
A necessary condition for consistency is that the original function has the proper-
ty of functional separability. The concept was formulated independently by Sono
[1945; 19617 and by Leontief [1947]; see also Morishima [1961]. Different kinds
of functional separability have later been distinguished, as reviewed by Goldman

and Uzawa [1964], and by W. Fisher [1969], section 4.3 and appendix E.
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Third, the decision-theoretic approach to aggregation. Aggregation is some-

times unavoidable, perhaps for reasons of cost, although consistency is unattain-
able. The practical problem is then perhaps how to aggregate, and certainly how
to use the macro data, so as to minimize the loss due to aggregation. The con-
cepts of decision theory are applicable. How they can be applied was shown by
Malinvaud [19567, section VI. This approach has been pursued by W. Fisher
[1969], who gives further references; also i.a. by Schneeweiss [1965].

Fourth, what may perhaps be called aggregation by integration. In the exam-

ples of 1.2.1 and 1.3.1, the aggregation was by summation over a finite number
of entities. Sometimes, instead, the aggregation is by integration over a statis-
tical distribution, which is usually continuous. Examples are de Wolff 19417,
and the "stratification approach' in market demand theory described by Wold
[19527, section 7.4.

Fifth, the applications in economic theory are numerous. Some are in demand

theory, e.g. Rajaoja [19587]. Many are concerned with production functions and
the concept of capital, e.g. Solow [1956]. Some are in input-output analysis,
e.g. Hatanaka [19527. Aggregation is reviewed from the economist’s point of
view by Green [19647, who gives many references.

Sixth, there are applications in sociology and related behavioural sciences.

Many are concerned with ecological correlation, e.g. Robinson [19507;
cf. 8.3.3 below. Aggregation is reviewed from the sociologist’s point of view by
Hannan [1971], who gives many references. The methodological traditions of
economists and sociologists differ. The shift of perspective between Green
[19647] and Hannan [1971] is notable.

Seventh, the somewhat unstructured topic or set of topics labelled classifica-
tion, clustering, or taxonomy. A general reference giving many further refer-

ences is Cormack [1971].

1.4.2 On the terminology introduced

The terms ""micro/macro", ""aggregation/disaggregation", "micro/macro re-
lation", and 'consistency'' are fairly current usage.
The terms "segregated aggregation", 'semi-aggregated micro / semi-disag-

gregated macro relation', 'point-consistency', 'expectational consistency",
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""consistency problem', 'direct/indirect/articulated consistency problem',
"eritical/discretionary parameter', '"interpretation problem'', and "'model-free/
expectational relation' are all innovations.

Instead of ""micro’ and '"macro', Malinvaud [1956] and W. Fisher [1969] use

detailed and simplified.

Instead of "aggregating function for independent/dependent data', Ijiri [1971]

uses active/passive aggregation function.

Instead of ""semi-aggregated micro / semi-disaggregated macro relation'",

Tjiri [1971] uses principal/surrogate function.

Instead of "expectational consistency', Theil [1954] uses perfection, and

Hannan [ 19727 stochastic consistency.

A few more alternative terms will be mentioned in 1.4.3.

1.4.3 Some general references to literature

In the literature on aggregation, the following five works as outstanding.

Theil [1954] considers micro and macro relations that consist of linear (re-
gression) models, and linear aggregation. Several different types of aggregation
are distinguished; cf. 3.2.5 below. The primary purpose is to express the para-
meters of the macro relation in terms of those of the micro relation; cf. 1.3.3.

A secondary purpose is to find out how to achieve perfect aggregation, i.e. ex-

pectational consistency. The results are discussed in economic terms, but the
emphasis is on statistical concepts and computations.

Malinvaud [1956] is primarily concerned with the logic of aggregation and ag-
gregation problems. Aggregation is defined as the representation of a detailed

model by a simplified model. The use of the simplified model may involve disag-

gregating functions. A concept nearly equivalent to consistency is formulated as

follows: Sometimes one can find intrinsic aggregates and an intrinsic (simplified)

model such that operation with these involves no loss whatever of information es-
sential to the user. A concept of representative aggregates is formulated to cover
i.a. the representation of a great number of micro data by a statistical distribu-

tion. Finally, it is shown in detail how the problem of optimal aggregation can be
formulated as a problem in decision theory. Malinvaud’s exposition is strongly

recommended.
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Green [1964] studies a number of types of aggregation occurring in econom-
ics. The micro relation is given by economic theory. The set of independent
micro data vectors admitted may be restricted by economic theory. Aggregating
functions and macro relation must be chosen from certain classes. All functional
relations are assumed to be deterministic and differentiable. The primary pur-
pose is to find conditions for consistency. Except for a chapter on Theil’s ap-
proach, aggregation is studied as a branch of mathematical economics.

W. Fisher [1969] studies aggregation as a branch of decision theory. The pri-
mary purpose is to find the optimal simplification. Consistency, called exact
simplification, is but a rare limiting case. The problem formulation involves a
loss function. A number of concrete numerical problems of widely different kinds
are reformulated and studied as problems of optimal simplification.

Tjiri [1971] distinguishes four types of queries in aggregation theory. Two are
concerned with different consistency concepts. The third type is concerned with
the errors caused by aggregation, the fourth type with the selection of an optimal
aggregation. The exposition covers a very wide field in a somewhat abstract
manner,

Particularly numerous references to the literature on aggregation are given
in Green [1964], W. Fisher [1969], Ijiri [1971], and Hannan [1971]. Some fur-
ther references are Bentzel [1956], Thionet [19607], Nataf [1964], Lancaster
[1966], Thionet [1967], Alstadheim [19687], F. Fisher [1969], Moriguchi
[1970], Zellner and Montmarquette [19741], Pokropp [1972], Liitjohann [1972],
and Wu [1973].
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2 SOME ALGEBRA AND THEORY OF LEAST-SQUARES

2.1 Some matrix algebra

2.1.1 Some concepts in matrix algebra

Matrix algebra will be used to express the theory of generalized least-squares
regression. A few notions of vector geometry will also be referred to.

Matrices will be denoted by capital letters like M, column vectors by lower-
case letters like v. A matrix of r rows and ¢ columns will be called an r x ¢
matrix. A (column) vector of n elements will be called an n-vector. The trans-
poses of M and v will be denoted M' and v'. The inverse of a square non-sin-
gular matrix will be denoted M—1. The unit matrix of order n will be denoted I
or In. The n-vector, each element of which is unity, will be denoted j or jn’ or
sometimes 1i.

The following definitions and simple properties will be referred to without ex-
plicit quotation. A general reference is Graybill [19697.

An n xn matrix Q is positive-definite if and only if it is symmetric and
v'Qv > 0 for any n-vector v # 0. A positive-definite matrix Q has an inverse
Q_1 which is positive-definite.

Each positive-definite n x n matrix Q defines variants of the concepts of dis-

tance and orthogonality as follows. Let v, and vy be two n-vectors. The positive

1
square root of the non-negative quantity

(V) = V) RV, - vy)

will be called the Q-distance between vy and Vo Further, vy and v2 will be

called Q-orthogonal if and only if
1 -
v 1 sz =0.

Ordinary vector-geometric distance and orthogonality are the special variants
where Q=1 .
n
The covariance matrix of a set of non-degenerate random variables that are
not linearly dependent, is positive-definite. (See e.g. Wilks [19627, section 3.5.)
A set S of n-vectors is a vector space if and only if it has the following prop-

erty. If vy €S and v2 € S, then aiv1 + azv €8S for any two scalars 2y and a, -
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Consider a vector space S of n-vectors. The set of all n-vectors v such that

1
w'v =0 for all w ¢S is another vector space, the orthogonal complement S of S.

The orthogonal complement of S~L is S.

Let M be a given n xm matrix. The set of all n-vectors v such that v = Mt
for some m-vector t is a vector space, the column space of M. The set of all
m-vectors w such that w' = s'M for some n-vector s is also a vector space,
the row space of M. The set of all m-vectors h such that Mh = 0 is a vector
space too, the null space of M.

The row space of M and the null space of M are each other’s orthogonal
complements. Each determines the other uniquely.

Let M be a given n x m matrix, v a given n-vector, and h an m-vector of un-
knowns. The equation system Mh = v has a solution if and only if v is in the col-

umn space of M.

2.1.2 Some propositions in matrix algebra

The following propositions will be useful later in the chapter.

Proposition 2.1.2.A

Let Q be a given positive-definite n x n matrix. Let M be a given n x m
matrix.

The three matrices of m columns

M, QM, M'QM

have identical row spaces. §

I Mt =0, then QMt = 0. If QMt = 0, then M'QMt = 0. If M'QMt = 0, then
t'M'QMt = 0, and then, since Q is positive-definite, Mt = 0. Thus the three
matrices have identical null spaces. Consequently they have identical row

spaces. ]

Proposition 2.1.2.B

Let M be a given n x m matrix, v a given n-vector, and h an m-vector of

unknowns. Let M and v be such that the equation system
Mh=v

is consistent. Let ) be a given m-vector.

A necessary and sufficient condition for the quantity \'h to be uniquely deter-
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mined by the equation system is that ) is in the row space of M. 3

Let h0 be a particular solution, i.e. MhO =v.

Necessity. Assume that )\'h is uniquely determined. Then X' (hO +d) = )"ho
for all d such that M(hO +d) = MhO . Otherwise expressed, )\'d = 0 for all d such
that Md = 0. Thus ) is orthogonal to the null space of M. Consequently X is in
the row space of M.

Sufficiency. Assume that ) is in the row space of M, i.e. there is an n-vec-
tor s such that \' = s'M. Then for any solution h of the equation system,
AMVh=s"Mh=sg'v= s'MhO = )\'ho. Thus \'h is uniquely determined by the equa-

tion system. ]

Proposition 2.1.2.C

Let Q be a positive-definite n x n matrix. Let M be a given n x m matrix
and v a given n-vecter. Let h be an m-vector of unknowns.

The equation system

M'QMh = M'Qv

has a solution.

The vector M'Qv is in the column space of M'Q. Thus by P.2.1.2.A it is in
the column space of M'QM. Consequently the equation system has a solution. 7]

Statisticians will no doubt interpret P.2.4.2.C in terms of normal equations.
P.2.1.2.A and P.2.1.2.B are also likely to remind statisticians of certain well-
known theorems on least-squares regression. The formulations have been chosen
so as to bring out the purely algebraical content of those theorems. This is done
in the interest of the distinction that will be made, between model-free properties
in 2.2 and properties based on the linear model in 2.3 and 2.4.

The three propositions with their demonstrations were built from material
found in Graybill {19647, Rao [1965], Seber [1966], and Searle [1971]. Detailed

references are hardly necessary, and would be quite tedious.
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2.2 Model-free properties of least-squares regression

2.2.1 The pattern of regression data

Linear regression analysis can be regarded as a systematic comparison of
units of analysis. The comparison over a given set of units of analysis.

The units of analysis are observed with respect to a common set of regres-
sion variables. One of these, the regressand, is to be "explained" by a linear
combination of the other regression variables, the regressors.

For each combination of one unit of analysis and one regression variable
there is one datum. The total set of regression data can be partitioned into the
regressand data and the regressor data.

The regression data can be arranged into a matrix, where each row is asso-
ciated with one unit of analysis, and each column with one regression variable.

The data matrix will be denoted
[y :X]

where y is the regressand vector and X is the regressor matrix. Each column

of X is a regressor vector.

More often than not, the first regressor vector represents a dummy variable,

the intercept regressor, which is equal to unity for every unit of analysis.

The term "unit of analysis" is taken from Blalock [1964].

2.2.2 Regression data versus observational data

The regression data need not be the data originally observed. Usually, the

observational data can also be arranged into a matrix, where each row is asso-

ciated with one unit of observation, and each column with one observational vari-

able. One of these, the dependent variable, is to be ""explained" in terms of the

other observational variables, the independent variables. The intercept regressor

is not usually counted as an observational variable.

An example will illustrate the distinction between observational data and re-
gression data. The demand for cheese in a country is to be "explained' in terms
of population, income and price. The units of observation are the twenty years

1951, ..., 1970. The dependent variable is the quantity of cheese sold Q. There



47

are three independent variables, the population N, the disposable income M,
and a price index for cheese P. The observational data form a 20 = 4 matrix.
The demand function assumed is constant-elastic in per capita variables,

Q M.B .y
Sy g (EyFp =
(R) =0 (F) Pl t=1951,..., 1970

The function is made linear in the parameters by taking logarithms. Then, a
strong positive residual autocorrelation is eliminated by differencing. The trans-

formed demand function is

Yt = BX1t +7X2t , t=1952,..., 1970 ;
- Q Q
Y, =log () - log ()4 >

_ M, M
Xy = log (T - log ()4

th = log Pt - log Pt—i

This is the relation fitted by linear regression analysis.

The units of analysis are, strictly speaking, the nineteen pairs of years
(1951,1952), ..., (1969,41970). Conventionally, the nineteen years 1952,..., 1970
are regarded as the units of analysis. The regressand is the differenced logarith-
mic per capita demand quantity Y. There are two regressors, the differenced
logarithmic per capita income X1 and the differenced logarithmic cheese price
index X2 . In this example, there is no intercept regressor. The regression data
form a 19 x 3 data matrix.

Henceforth, the terms '"data' and ''variable' refer to regression data and

variables.

2.2.3 Least-squares approximation

Consider a given n x p regressor matrix X and a given regressand n-vector y.
Any p-vector h defines a linear combination Xh of the regressor vectors. If that
n-vector is used as an approximation of the regressand vector, the approximation
errors committed are the elements of the vector y - Xh.

The purpose of model-free linear regression is to find that linear approxima-

tion Xh which is in some sense best. Each positive-definite n x n matrix Q
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defines a variant of generalized least-squares regression, say GLS(Q)-regres-
sion for short. GLS(Q)-regression chooses that weight vector h which minimizes
the Q-distance between the regressand vector y and its approximation Xh. Ordi-
nary least-squares is the special variant where Q = In .

As is well known, GLS(Q)-regression leads to the system
X'QXh = X'Qy

of normal equations.

Proposition 2.2.3

Let Q be a given positive-definite n x n matrix. Let X be a given n x p re-
gressor matrix and y a given regressand n-vector. Consider GLS(Q)-regression.
(i) The normal equations are satisfied by a least one p-vector h = b.

(ii) Let b satisfy the normal equations. Then
X'Q(y - Xb)=0.

In words, the approximation error vector y - Xb is Q-orthogonal to the regres-

sor vectors.
(iii) Let b satisfy the normal equations, while h is any other p-vector. Then
(y -X)'Q(y - Xh) = (y - Xb)'Q(y - XDb) .

In words, the approximation Xh is not better than Xb in terms of Q-distance. ¢
(i) This follows from P.2.1.2.C.
(ii) This follows immediately from the normal equations.

(iii) Decompose y - Xh = (y - Xb) + X (b - h) . By (ii),
(y -X0)'Q(y - Xh) = (y - Xb)'Q(y - Xb) + (b - h)'X'QX (b - h).

Since Q is positive-definite,. the last term is non-negative. [J
Any p-vector satisfying the normal equations will be denoted b. The normal

equations will be written
X'QXb =X'Qy ,

that is with b instead of h. Each element of a solution vector b is associated

with one regressor, and is called a regression coefficient. The intercept is the

regression coefficient associated with the intercept regressor.
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Any vector of regression coefficients b defines two n-vectors
y=Xb and e=y - Xb,

the approximation vector and the residual vector, respectively.

2.2.4 TUnique coefficient functions

Consider again the model-free GLS(Q)-regression of y upon X, where the or-

der of X is n x p. Any p-vector ) defines a linear coefficient function )\'b of the

regression coefficients b. A coefficient function \'b will be called unique if and

only if the system of normal equations X'QXb = X'Qy determines it uniquely.

Proposition 2.2.4.A

Let Q be a given positive-definite n x n matrix. Let X be a given n x p re-
gressor matrix and y a given regressand n-vector. Consider GLS(Q)-regression.
Let ) be a p-vector.

(i) A necessary and sufficient condition for the coefficient function )\'b to be
unique is that ) is in the row space of X.

(ii) The regression determines the approximation vector §r and the residual
vector e uniquely. $

(i) By P.2.1.2.B, a necessary and sufficient condition for )\'b to be uniquely
determined by the normal equations is that ) is in the row space of X'QX. By
P.2.1.2.A, the row spaces of X'QX and of X are identical.

(ii) Let x! be the j’th row vector of X. By (i), the coefficient functions fob,
j=1,..., n, are unique. Thus {r = Xb and e =y - Xb are uniquely determined.
Whether a coefficient function )'b is unique depends on ) and thé regressor
matrix X only. It does not depend on the variant Q of GLS-regression, nor on

the regressand vector y.

If the rank of X is p, the normal equations have the single solution
b= (X'QX) ' X'qy ,

and all coefficient functions are unique.

The following proposition will be useful later in 2.4 and 4.3.

Proposition 2.2.4.B

Let Q be a given positive-definite n x n matrix. Let X be a given n xp
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regressor matrix. Let y be a variable regressand n-vector. Consider GLS(Q)-
regression. Let ) be a given p-vector such that the coefficient function )\'b is
unique.

(i) There exists at least one p-vector r such that

X'QXr=).
(ii) The n-vector
T=QXr
is uniquely determined by the equation system X'QXr = ).
(iii) The coefficient function )\'b is the linear function
A'b=r'y
of the variable regressand vector y.

(i) Since )\'b is unique, by P.2.4.2.B ) is in the row space of X'QX.

(ii) By P.2.1.2.B a quantity k'r is uniquely determined if the p-vector k is
in the row space of X'QX. By P.2.1.2.A each row vector of QX is in the row
space of X'QX.

(iii) By (i), the normal equations, and (ii),

A'b=r'X'QXb=r'X'Qy=1'y. O
Consider fixed Q, X and ) such that )'b is unique. Then the coefficient func-

tion )\'b is the fixed-weight linear function r'y of the regressand vector y.

2.2.5 Some references to literature

Model-free properties of regression are clearly distinguished from properties
based on the linear model in Goldberger [19647, section 4.2, for full-rank ordi-
nary least-squares. A study devoted exclusively to model-free properties is Le-
ander [1963]. Even the standard errors of the regression coefficients are given
a model-free interpretation by Goldberger [1968].

As is well known, GLS can be reduced to ordinary least-squares by a suitable
linear transformation of the units of analysis. An alternative is to proceed as in
P.2.2.3. This approach is cited also by Theil [1971], section 6.1.

The standard approach to least-squares with possibly less than full rank seems
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to be to assume the linear model and proceed in terms of estimability. Model-
free properties are then not easily distinguished. When all references to a model
were weeded out from Graybill [19641], section 11.2, the material remaining
was sufficient to build up P.2.2.4.A and P.2.2.4.B. Another source of inspira-
tion was Rao [1965], section 4a.

The concept of a generalized inverse matrix is used in least-squares theory
by i.a. Rao [1965], Pringle and Rayner [1971], and Searle [1971]. The conse-

quent gain in elegance will be forgone in this study.

2.3 The linear model and the regression model

2.3.1 The incomplete and complete linear models

Least-squares regression is often motivated as a method of estimation. The
regression data [y : X 7 are then assumed to have been generated in accordance
with a probabilistic model. One alternative is known as the Linear Model, an-
other one as the Regression Model. The latter will be described in 2.3.4.

The linear model involves the following six components.

(i) X is an n x p regressor matrix.

(ii) y 1is an n x1 regressand vector.

(iii) B is a p x 1 parameter vector.

(iv) € 1is an n x 1 disturbance vector.

(v) W is an n x n standardized covariance matrix.

. 2, . .
(vi) o is a scalar average disturbance variance.

The incomplete linear model consists of equations (1) and (2) and the explana-

tions following them.

1) y=XB+e.
2) E()=0.

The regressor matrix X is non-stochastic and known. It is identical with the re-
gressor data matrix actually observed. The parameter vector B is non-stochas-
tic and unknown. The disturbance vector € is stochastic and unobservable. The

regressand vector y of the model is stochastic. The regressand data vector
-
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actually observed is one realization of it.

The complete linear model adds equation (3) and the explanations following it.

3 E(se')=cW.

The standardized covariance matrix W is positive-definite, has (for example)
tr (W) = n, and is known. The average disturbance variance 02 is unknown.

The incomplete linear model amounts to a partical specification of the first
order moments of the distribution of the regressand vector y. The expected re-
gressand vector is some vector E (y) = XB in the column space of the regressor
matrix.

The complete linear model adds a partial specification of the second order
moments of the distribution of y. The covariance matrix of y is proportional to
the known matrix W. A special case is when W = In.

The complete linear model is the traditional Linear Model. The incomplete
linear model is sufficient for the purposes of the formal analysis of chapters 4

to 8.

2.3.2. Identified parameter functions

The linear model can be reformulated in terms of a seventh component.
(vii) M is an n x 1 mean vector.

Equations (1) and (2) in 2.3.1 are replaced by the following two equations.

(1*) p=X8.

2*) E@ =4
The mean vector W is non-stochastic. It is known to belong to the column space
of X but is otherwise unknown.

When least-squares regression is used as a method of estimation, the purpose
is to estimate, as far as possible, the parameter vector B. The relation between
B and the stochastic data vector y is in two steps. First, by (1*) the parameter
vector B determines the mean vector u. Second, by (2*) the mean vector u part-
ly determines the distribution of the regressand vector y.

The second step (2*) can be reversed in the sense that y can be estimated

from y. In fact, the approximation vectorj; is an unbiased estimator of u. But



the first step (1*) cannot always be reversed in the sence that if y were known,
then B would be known too. Several different parameter vectors B may corre-
spond to a given mean vector p. Granted that B does not influence the distribu-
tion of y except through u, several different vectors B are then observationally
equivalent. There is this a problem of identification.

The concept of identification is well known to econometricians since Koopmans
[19537. It is usually formulated and studied for models of the type known as
Simultaneous Equations (see e.g. Johnston [19637, section 9-2). The parameters
B and the means u in the linear model correspond to the structural and reduced-
form parameters, respectively, in the simultaneous equations model. That the
concept of identification is applicable in this way to the linear model is indicated
in passing by Seber [19667, section 3.4.

Any p-vector ) defines a linear parameter function \'P of the parameters B

of the linear model. A parameter function )'B will be called identified if and

only if the consistent equation system XP =y determines it uniquely.

Proposition 2.3.2

Let X be a given n x p matrix. Let y be a given n-vector such that y= X8
for at least one p-vector B. Assume a linear model where X is the regressor
matrix and W is the mean vector. Let ) be a p-vector.

A necessary and sufficient condition for the parameter function X\'B to be
identified is that )\ is in the row space of X. §

This follows from P.2.1.2.B. )

Whether a parameter function \'PB is identified depends on )\ and the regres-
sor matrix X only. It does not depend on the standardized covariance matrix W
of the linear model. The linear model may even be incomplete.

If the rank of X is p, the equation system (1*) has the single solution
-1
B=(X'QX) "X'Qu,

where Q is an arbitrary positive-definite n x n matrix. Then all parameter

functions are ident'ified.
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2.3.3 Designed and observed regressor data

The elements of the regressor matrix X can be of two kinds. Some have no
empirical content. They are artifacts used in the construction of a linear model
to fit given assumptions. Such regressor data will be called designed. Others
record an observation of the real world. If the real world were sufficiently dif-
ferent, they would be numerically different. Such regressor data will be called
observed.

The vectors of the regressor matrix X can be of three kinds. If all the ele-
ments of a regressor vector are designed data, that regressor will be called
desi@ed. If all the elements of a regressor vector are different observed data,
that regressor will be called observed. The intercept regressor is designed. All
regressors used in the analysis of variance are designed. Most regressors used
in regression analysis are observed. Regressors that are neither designed nor
purely observed will be called mixed.

The following example illustrates the concepts. The macro-economic consump-
tion function makes consumption C a linear function of gross national product P.
Data are available for half-years indexed t =1, 2, 3,... The relation assumed

is as follows.

Ct=oz+6Pt+€t when t is odd,
t=x+ePt+€t when t is even,
€ =

s
E (e ¢ )=czp fors=0,1, 2, ...

t t+s

The autocorrelation is p = 0.8 approximately.
For reasons of efficiency (cf. Zellner [1962a7) the two lines are estimated

jointly by GLS regression. The linear model y = XB + ¢ is constructed as follows.

(C‘l (1 0 P, 0 ) ( ‘,
c, ) 1 1 P, P e <
C3 1 0 P3 0 ; e3
C 1 1 P P €
4 4 ‘4 4

8-6 .
| S )

There are equivalent alternatives.



The first regressor in the example is the intercept regressor. The second
regressor is a dummy variable indicating the even-numbered half-years. Both
these regressors are designed. The third regressor records gross national prod-
uct. This regressor is observed. The fourth regressor is mixed.

The even-numbered elements of the fourth, mixed, regressor are replicates
of the corresonding elements of the third regressor. Arrangements with dummy
variables and mixed regressors usually involve such replication of observed re-
gressor data.

The distinction between designed and observed regressor data is relevant to
the formulation of a consistency problem in 4.2. It will also be referred to in the

discussion of one type of aggregation in 3.1.5.

2.3.4 The regreséion model

The linear model treats any element of the regressor matrix as a known para-
meter. For designed regressor data this is natural, e.g. in the analysis of vari-
ance. It is less natural for observed regressor data, which are thought of as
variable. The linear model can be modified as follows, so as to take account of
the variability of the regressor matrix.

The regression model is like the linear model except for the characterization

of X. The regressor matrix X of the regression model is stochastic. The regres-
sor data matrix actually given, at least partly from observation, is one realiza-
tion of it. The distribution of the disturbance vector ¢ is independent of that of
X. Thus equations (1), (2) and (3) of 2.3.1 hold for any realized X.

The formal analysis in chapters 4 to 8 will be based on linear models. Re-

gression models will occur in 9.2.

2.4 Least-squares estimation in the linear model

2.4.1 Estimable parameter functions

Consider a linear model where the order of the regressor matrix X is n x p.
Consider a given linear function \'B of the p parameters of the model. Any n-

vector t defines a linear function t'y of the regressand data, a linear estimator.
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The parameter function )'B will be called unbiasedly estimable if and only if

there exists an estimator t'y such that E (t'y) = \'B identically in B.

Proposition 2.4.1.A

Let X be a given n x p matrix. Let B be a given p-vector. Assume a linear
model where X is the regressor matrix and B is the parameter vector. Let )
be a p-vector.

A necessary and sufficient condition for the parameter function )'f to be
estimable is that ) is in the row space of X. §

Necessity. Assume that )\'B is estimable. Then for a certain n-vector t,
E(t'y)=t"XB=)"'B identically in B. Thus t'X =)', i.e. X is in the row space
of X.

Sufficiency. Assume that \' =t'X for some n-vector t. Then E (t'y) =t"'Xp =
=)'B identically in B. O

The above proposition is well known in least-squares theory. It holds even if
the linear model assumed is incomplete.

The next proposition states a connection between the concepts of uniqueness,

identification, and estimability.

Proposition 2.4.1.8B

Let X be a given n x p matrix. Let )\ be a p-vector.

Let y be any n-vector. Let Q be any positive-definite n x n matrix. Let b
be a p-vector of unknowns. Consider the normal equation system X'QXb = X'Qy.
Call this system NE.

Let B be any p-vector. Consider any linear model where X is the regressor
matrix and B the parameter vector. Call this model LM.

The model LM may be incomplete. No relation is assumed to hold between Q
and the covariance matrix of LM.

Consider the following three statements.

(i) The coefficient function X\'b in NE is unique.

(ii) The parameter function }'B in LM is identified.

(iii) The parameter function \'B in LM is estimable.

The three statements are either all true or all false.
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By P.2.2.4.A, P.2.3.2, and P.2.4.1.A, a necessary and sufficient condition
for each of the three statements to be true is that ) is in the row space of X. J

The concept of uniqueness does not refer to a model The concepts of identifica-
tion and estimability do refer to a linear model, which may be incomplete. For
a given regressor matrix X, the three concepts are co-extensive in the sense
that X\'b is unique if and only if )\'B is identified, and if and only if X'B is esti-
mable.

Unless the rank of X is p, there are coefficient functions \'b that are not
unique and parameter functions )\'P that are not identified (or estimable). A
remedy sometimes applied is to add suitable linear constraints RB = 0 and

Rb = 0. This approach is discussed i.a. in Scheffé [1959] and Searle [1971].

2.4.2 Best linear unbiased estimation

Assume the complete linear model. Consider a parameter function )\'B.
Any estimator t'y will be called an unbiased estimator of )\'B if and only if

E(t'y) = \'B identically in B.

An unbiased estimator tc'>y of \'B will be called a best linear unbiased esti-
mator, abbreviated BLUE, of )\'B if and only if it has the following property:
For any other unbiased linear estimator t'y of 3'8, Var(t'y) = Var (t;)y) .

Only if )\'B is estimable does it make sense to look for a BLUE. The answer
turns out to involve the GLS(W_i)—regression of v upon X, where W is the

standardized covariance matrix of the linear model.

Proposition 2.4.2

Assume the complete linear model (1), (2). (3). Consider the normal equations

(4). The only stochastic components are ¢, y and b.

(1) y=XB+e,

(2) E(e)=0,

(3) E(ee')=02W

(4) X‘W_1Xb:X'W—1y.

Let )'P be an estimable (identified) parameter function. Consider the analo-

gous coefficient function X\'b .
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@) x'b=r'y, where 7= W‘in,
where r is any vector such that X'W_1Xr =X
and 7 is determined uniquely by )}, X and W.
(iiy E(X'b)y=x'B.
(iii) \'b is the only BLUE of }\'B. §
(i) Since )\'B is estimable, by P.2.4.1.B \'b is a unique coefficient function
in (4). Then P.2.2.4.B is applicable with Q = wt,
(ii) By (i) and the linear model, E()\'b) = t'XB = r'X'W_1XB =)'B.
(iii) Let t'y = (1 +d)"y be an unbiased estimator of }'B. Then by (ii) and
the linear model, d'XB = 0 identically in B. Thus d'X = 0, which by (i) implies
d'Wr = 0. Hence and by the linear model, Var (t'y) = Gzt' Wt = 027’ Wr + azd' wd.

Since W is positive-definite, the variance is minimized if and only if d = 0. O

The above is a version of the well-known Gauss-Markov theorem on least-
squares. It says that \'b, which may be called the least-squares estimator of
A'B, is the BLUE of )\'B, given two conditions. First, \'8 must be estimable.
Second, the GLS variant must be that defined by Wuﬂ.

The standard least-squares theory developed in 2.4 is too well-known for de-
tailed references to be required. The presentation chosen owes most to Graybill
[19647. Other sources of inspiration were Rao [19527], Rao [1965], and Searle

[1971].

2.5 Regression in deviation form

2.5.1 Means and deviations

In generalized least-squares regression involving an intercept, certain gener-
alized means and deviations are useful. Before these are introduced, notation will
be slightly modified. Throughout, j is an n-vector of unit elements, q=p - 1
and Q is an arbitrary positive-definite n x n matrix.

The regressand n-vector is still written y. The n x p regressor matrix,

earlier written X, is partitioned and re-written

[iix1,



59

where j is the intercept regressor vector, while X is the remaining n x q re-
gressor submatrix. The p-vector of regression coefficients, earlier written b,

is partitioned conformably, and the approximation vector is written

A

y=ja+Xb,
where a is the regression intercept, while b is the remaining subvector of g

regression coefficients.

The scalar y and the row gq-vector x' defined as follows

7 ®)=G'en irelylX]
will be called the regressand Q-mean and the vector of regressor Q-means. The
regressand n-vector and the n x q regressor matrix of Q-deviations are defined
as follows,

[y-iy | X -],
Ordinary means and deviations are the special variants where Q = In

The regression data [y - jy : X - jx'] will be said to be the regression data

ly . X 7 in deviation form. The deviation form data can be produced as follows

[y-jy;X-x'1=D[yiX],
where D is the n x n deviation-producing matrix

— s (i'0s "1~|
D=1 -j(i'Qj) i'Q.
n

Because j'QD = 0, any vector of data in Q-deviation form is Q-orthogonal to the
intercept regressor vector. Thus any vector of Q-deviation data has zero Q-mean.

The deviation-producing matrix D for Q = In is formulated and studied in

Kloek [1961].

2.5.2 The deviation form normal equations

Let y be a regressand n-vector and X an n x q regressor matrix. Let Q be
a positive-definite n x n matrix. Let ¥ and X' be the Q—nieans of y and x .
The GLS(Q)-regression of y upon X and the intercept regressor will be called

the raw form regression. The GLS(Q)-regression of (y - jy) upon (X - jx')

with no intercept added will be called the corresponding deviation form regres-

sion.
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The normal equations of the raw form regression are

Ra: j'Qja +j'QXb =j'Qy,
Rb: X'Qja + X'QXb = X'Qy,

where Ra is a single equation, while Rb is the remaining subsystem of q equa-

tions.

The normal equations of the deviation form regression are
Db: (X - jx")'Q(X - jx")b= (X -ix")' Q(y - jy) -
In order to determine the intercept, they are complemented by
Da:a=y-x'b,

a well-known computing formula.

The content of the following proposition is well known, at least for full rank

ordinary least-squares regression.

Proposition 2.5.2.

Consider the GLS(Q)-regression of y upon X and the intercept regressor, the
raw form regression, whose normal equation system is Ra and Rb. Consider also
the corresponding deviation form regression, whose complemented normal equa-

tion system is Da and Db.
The equation systems (Ra, Rb) and (Da, Db) are equivalent. §

The equation system (Ra,Rb) can be written

[5'Qj J"QX] a] j'Qy]
[x'q) x'ex] |b X'Qy

Premultiplication by the p x p matrix

B o1
(31'Qj) Y

-X I
q

produces the equation system

[(X—J';')'Qj (X-ix")' Qx| |[b (X -jx")' Qy

Since (X - jx')' Qj = 0 , this is equivalent to
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It

[
0 (X-jx")'Q(X-jix")] |b

This is the equation system (Da, Db).

'}7 )
(X - X' Q(y - iy)

Since j'Q(X -jx') =0 and j'Q(y - jy) = 0, the equation system (Da,Db) is

equivalent to

0 x'Q(x-ix] |b) [ xQuy-¥)

Premultiplication by the p x p matrix

[J"QJ' o ]
X'Qj I

! q
produces the equation system

[J"QJ’ j'QX] H
X'Qj X'QX b

This is the equation system (Ra,Rb). ]

Ii

[j'Qy]
X'Qy

A unique coefficient function in the raw form regression can be computed from
any solution of the complemented normal equations of the corresponding deviation
form regression.

When the intercept (or, expressed differently, its regressor) is eliminated
from (Ra,Rb), the outcome is Db. More regressors can be eliminated step-wise
in an analogous manner. For full rank ordinary least-squares, this is discussed

in Liitjohann [1970b].

2.5.3 The coefficient of determination

Consider again a raw form GLS(Q)-regression and the corresponding deviation
form regression. By P.2.2.4.A, both produce unique approximation and residual
vectors. By P.2.5.2., the two residual vectors are equal, for

(y-3¥) - (X-jx")b=y-j(y-x'b)-Xb=y-ja-Xb.

The deviation form regression decomposes its regressand vector into an ap-

proximation vector and a residual vector as follows.
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(y -iy)=(X-jx")b+e.

By P.2.2.3, e is Q-orthogonal to each of the regressor vectors (X - jx'). Con-

sequently, the deviation form regression decomposes the total sum of squares

as follows.
(y-iy)'Q(y -jy) =b" (X - jx")' Q(X - jx')b +e'Qe

The two parts are called the sum of squares due to regression and the residual

sum of squares, respectively. Since Q is positive-definite, each of the three

terms is non-negative.

2 L . . .
The coefficient of determination R~ of the deviation form regression is defin-

ed as follows.

1
R2:1— e'Qe

(y-1¥)' Uy - %)
— 2
In the degenerate case where y = jy, R is not defined. By the decomposition of
2
the sum of squares, 0 <R < 1.
The above defines the coefficient of determination for a deviation form regres-
2

sion. By convention, R for a raw form regression is (usually) defined to be

2
identical to R~ for the corresponding deviation form regression. The positive

square root of R2 is called the coefficient of multiple correlation between the
raw form regressand y and the set of raw form regressors X.

The coefficient of determination and related subjects are discussed at greater
length e.g. by Theil [1971], chapter 4. The outline given will be sufficient for
present purposes. The explicit generalization above to GLS(Q)-regression was

formulated independently by Buse {19731 and by Liitjohann [1970a].

2.5.4 A decomposition of a moment matrix

In the analysis of variance of a completely randomized design, the total sum
of squares is decomposed into one sum of squares between the treatments and
another sum of squares within them. A multivariate generalization will now be
given.

Consider an n x p data matrix X . The p variables can be regressors, re-

gressands, or both. Let the set of n units of analysis, and the rows of X, be
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partitioned into m > 2 disjoint, exhaustive subsets. The number of units in the
h'th subset is denoted s h=1,..., m.

Let Q be a positive-definite n x n matrix. Let Q be such that, if it is parti-
tioned conformably with X, Q is block-diagonal.

4 ~

X, Q) «-oe- o o

X = H =[O ... Q cu...
% Q=10 Q, ©
x4yt 1O .....0 .....
m 0 O Qm
\ \ A
Since Q is positive-definite, so is each Qh .
Let jn’ j and Lh, h=1,..., m, be column vectors of n, m and n, unit

elements, respectively. Let K be the n x m matrix formed by arranging block-
diagonally the vectors ih .

The relation ij = jn follows from the definition.
Let 6 be the m x m diagonal matrix defined as follows.

Q=K'QK .

The h'th diagonal element of Q is i}'lQh J'h> 0,h=1,..., m.
The Q-means over the n units of analysis are the row p-vector
X = (31Qi ) it ex
n n n ’

The Qh—mea.ns over the nh units of analysis that form the h'th subset of units,
are the row p-vector

%= Q) e X, -
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For h=1,..., m, —;El'] is the h'th row vector of the m x p matrix

= -1
X=(K'QK) K'QX .
The matrix X can be regarded as a data matrix where each of the m subsets is
represented by its Qh—means. Since jn = ij, K'QK = 6, and K'QX = K'QK?,

= Y ——
x'= (i Qi) il eX

Thus the Q-means over the n units of analysis are also the a—means over the m

subsets.

The data X in Q-deviation form are the n x p matrix

=l

X
‘n

The data Xh in Qh—deviation form are the noxp matrix

%
Forh=1,..., m, Xh - i_h? is the h'th submatrix of the row-partitioned n x p

matrix

X -K

The subset data X in 6—deviation form are the m x p matrix.

A related matrix of order n x p is
K(X-j x'
(X=j ¥

where the data for each unit of analysis are replaced by those for the subset to

which the unit belongs.

Since ij = jn , the deviation form data matrices are related as follows.
-4 :l — _ e + < _ 4 :l
(X - ¥ = (X -KX) +K(X -j_x)

Since K'Q (X - KEC_) =0 and K'QK = Q, this implies the following decomposition

of the p x p total moment matrix.
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(X -1 x')' Q(X-j x)=
= (X -KX)' Q(X -KX) + (X -j_x")'Q(X-]_x').

The two components can be called the within subsets and between subsets moment

matrices. Since Q is block-diagonal, the former can be further decomposed as

follows.
_ _ m o -
(X -KX)'Q(X - KX) = 2 (X - hx)'Q (X -§x) -

The h'th subcomponent is the moment matrix within the h'th subset of units of

analysis.

Proposition 2.5.4.

Under the assumptions and in the notation of 2.5.4.,
X - 1yt X - i Y — i XNy i XYY+
(X -3 xD)' QX - x) =, 5 (X - L x) Q (X -1 x)
+(X-j X' Q(X-j_ x') . S
(X-3 x)'Q(X-j _x') . ¢
The demonstration has been given in the text. O
The analysis of covariance in a completely randomized design uses the above

decomposition of the total moment matrix. For the case where p=2 and Q = In,

this can be seen from Kendall [19487, section 24.28 et seqq.
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3 FIVE TYPES OF AGGREGATION OF REGRESSION DATA

3.1. Four elementary types of aggregation

3.1.1 Aggregation of regression data

Regression analysis requires data that conform to a certain pattern, which
was described in2.2.1. Any set of data conforming to that pattern can be called
a set of regression data. The pattern characterizing regression data can be said
to have four "elements': the regressors, the regressand, the units of analysis,
and the set of units of analysis.

Regression data, like other data, can be aggregated. Four elementary types
of aggregation of regression data will be introduced in 3.1. Each of the four ele-
mentary types of aggregation affects one the four ""elements" of the pattern of re-
gression data, but leaves the other three "elements' unaffected, as far as logi-
cally possible. A fifth, more complex, type of aggregation of regression data will
be introduced in 3.2.

The five types of aggregation are applied to micro data that form k sets of re-
gression data, where for some types k = 1 while for others k> 2. The h'th set

of micro regression data will be denoted

Ty, 0 %1

where Yy is the h'th micro regressand vector and Xh is the h'th micro regres-

sor matrix. (When k =1, the index h is dropped.)
Each of the five types of aggregation produces macro data that form one set of

regression data. The macro regression data will be denoted
!
[u : Z ] ’

where u is the macro regressand vector and Z is the macro regressor matrix.

The five types of aggregation are all segregated in the sense of 1.1.3. For
brevity, the two aggregating functions are re-named. The aggregating function
for independent data G, which relates Z to Xh ,h=1,..., k, will be called the

regressor aggregating function. The aggregating function for dependent data H,

which relates u to A h=1,..., k, will be called the regressand aggregating

function. The two aggregating functions need not be linear.
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The five types of aggregation are aggregations in the narrower sense indi-
cated in 1.1.4. No explicit reference will be made to micro or macro relations.
The following is however tacitly understood. If there is a micro relation &, then
for any j and h it relates the j'th element of N to the j'th row vector of Xh .
Similarly, if there is a macro relation ¥, the it relates the j'th element of u to
the j'th row vector of Z . The micro and macro relations, if any, need not be
linear.

The five types of aggregation of regression data will not be defined rigorously.
Rather, five characteristic patterns of data and relations will be indicated and

given names.

3.1.2 Six related examples

Each of the four elementary types of aggregation of regression data will be in-
troduced by means of an example. The fifth type of aggregation will be introduced
by means of two examples. The six examples select micro data from a common

pool of micro data.

Examples 3.1.2, micro data. Consider a fictitious cross-section study of how

fertility in sheep is affected by more or less damp weather. Data are collected
covering one gestation period, say from October to March.

The units of analysis are small geographical regions, say parishes.

There are two sets of units of analysié. One consists of all the rural parishes
of all the counties of southern Scotland. The other one consists of all the rural
parishes of all the counties of northern England.

There are four regressands. One is the number of black-faced ewe lambs born
alive in the parish in Spring. The other three are the numbers of black-faced ram
lambs, white-faced ewe lambs, and white-faced ram lambs born alive in the par-
ish in Spring.

There are four regressors. One is the number of black-faced sheep alive in
the parish after the Autumn slaughter. Another one is the number of white-faced
sheep alive in the parish after the Autumn slaughter. The third regressor is the
amount of rain fallen in the county to which the parish belongs, during the period
of investigation. The fourth regressor is the amount of snow fallen in the county

during the same period, converted into inches of rain.



The parishes are indexed j. The counties are indexed i. For any i, the set
of integers Pi is such that j € Pi if and only if the j'th parish belongs to the i'th
county. The sets PS and PE are such that j ¢ Ps or j € PE if and only if the
j'th parish is in Scotland or in England, respectively. The sets CS and CE are

suchthati €¢C_ or i ¢ CE if and only if the i'th county belongs to Scotland or

S
England, respectively.

The regressands are denoted yBF, yBM, yWF and yWM. The letters B, W,
F and M indicate black-faced, white-faced, ewe (female) and ram (male) lambs,
respectively. The regressors are denoted XB, xw, XR and XS. The letters B,
W, R and S indicate black-faced sheep, white-faced sheep, rain and snow, re-
spectively.

The rain and snow data are for counties. Thus if for a given integer i,
j1 € Pi and j2 € Pi’ then ij and xJS for j = j1 are identical to those for j = j2 .

Consider the regression of the number of lambs upon the number of sheep,
the amount of rain, and the amount of snow. If the regression is concerned with

black-faced ewe lambs in southern Scotland, the regression data matrix consists

of the row vectors

( BF
Y

There are eight such micro regression data matrices, one for each combination

B
1 x X.R xf) foralljePs.

e
—

of black-faced or white-faced, female or male, Scotland or England.
In the examples, a macro datum that is identical to a single micro datum

keeps its micro notation in the macro data.

Example 3.1.2.1, macro data. Consider the micro regression data matrix for

black-faced ewe lambs in southern Scotland. Let the distinction between rain and
R S
snow be dropped. Then the two micro regressors x and X are replaced by a
P
single macro regressor z , the amount of precipitation in the county to which

the parish belongs. Formally,

P R S
Z, =X, +X,
] ] J

The row vectors
BF | B P
R v 4 X, Z, foralljeP
(y] : i ) 1%

form a macro regression data matrix.
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Example 3.1.2.2, macro data. Consider the two micro regression data matri-

ces for black-faced ewe lambs and black-faced ram lambs in southern Scotland.
These two regression data matrices have a common set of regressors but differ-
ent regressands. Let the distinction between ewe lambs and ram lambs be drop-
ped. Then the two micro regressands yBF and yBM are replaced by a single
macro regressand uB, the number of black-faced lambs born. Formally,

B BF BM
y.

The row vectors

I
u? 1 XB xR x.S for alljeP
i i b S

form a macro regression data matrix.

Example 3.4.2.3, macro data. Consider the micro regression data matrix for

black-faced ewe lambs in southern Scotland. Let the parishes be exchanged for
the counties as units of analysis. The number of black-faced ewe lambs born in
a county, uBF, is the sum of the numbers of black-faced ewe lambs born in those
parishes that constitute the county. Similarly, the number of black-faced sheep

B
in a county, z , is a sum over the parishes of the county. Formally,

BF BF
u. = . . b
i 355. y]
i
B .
7. =, % XB
1 Je i ]

The amounts of rain and snow fallen are for counties already. They are equal for
all parishes within a given county. These data are retained unchanged, but nota-

tion is changed as follows.

R R .
z, = Xj for any j € Pi ,
S S
= f j €P
zi x]_ or any j € i

The row vectors
|
(uBF D1 ZB ZB zls) for aHiECS

i i i

form a macro regression data matrix.
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Example 3.1.2.4, macro data. Consider the two micro regression data matri-

ces for black-faced ewe lambs in southern Scotland and in northern England.
These two regression data matrices are for the same regressand and regressor
variables but for different sets of units of analysis. Let the distinction between
Scotland and England be dropped. Then the two sets of index values PS and PE

are replaced by a single set, their union PS U PE . The row vectors

BF ! B R S
. v1 x. X, X, for all j P P_
(y] i i j i ) jed( g U L)

form a macro regression data matrix.

Example 3.1.2.5, macro data. Consider the two micro regression data matri-

ces for black-faced ewe lambs and white-faced ewe lambs in southern Scotland.
These two regression data matrices are for the same units of analysis and for
analogous regressand and regressor variables. Let the distinction between black-
faced and white-faced ewe lambs and sheep be dropped. Then the two analogous
regressands yBF and yWF are replaced by a single regressand uF, the number
of ewe lambs born. Similarly, the two analogous regressors x and x are re-

placed by a single regressor ZN, the number of sheep. Formally,

L) BF WF
] +

. R S .
The two regressors for rain and snow x  and x are common to both micro re-

gression data matrices. These data are retained unchanged. The row vectors

|
u,Ff 1 ZN xR x,s for allj € P
i i3] 5

form a macro regression data matrix.

Example 3.1.2.6, macro data. Consider the four micro regression data matri-

ces for black-faced ewe lambs, black-faced ram lambs, white-faced ewe lambs,
and white-faced ram lambs in southern Scotland. These four regression data
matrices are for the same units of analysis. Let the distinction between black-
faced and white-faced lambs and sheep be dropped. Let the distinction between

ewe lambs and ram lambs be dropped. Let the distinction between rain and snow
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be dropped. Then the four micro regressands are replaced by a single macro

regressand u, the total number of lambs born. Formally

BF BM WF WM
YTV Ty Y Ty

N P .
Further, macro regressors z and z are formed as in examples 3.1.2.5 and

3.1.2.1, respectively. The row vectors

' P
u, 1 ZN z, foralljeP
U J J s

form a macro regression data matrix.

3.1.3 Aggregation of regressors

Aggregation of regressors starts from a single micro regression data matrix

y ‘ X 1. Macro regressors are formed as functions of the micro regressors.
The regressand, the individual units of analysis, and the set of units of analysis,
are not changed. The outcome is a macro regression data matrix [u : zZ1.
Example 3.1.2.1 is a case of linear aggregation of regressors. Each macro
regressor is a linear function of some of the micro regressors.
Linear aggregation of p micro regressors into g macro regressors is de-

scribed by the vector and matrix equations

u=y ,

7 = XG ,

where G is some p x q matrix of constants.

Whether any p x q matrix G should be considered to define a linear aggrega-
tion of regressors, is a matter of convention. Perhaps it is preferable to accept
only those matrices G that satisfy the following two restrictions. First, no row
vector of G is a zero vector. Second, the rank of G is q.

A special class of linear aggregations of regressors, which satisfy the two
restrictions, will be introduced in 3.1.7. Aggregation of regressors is the sub-

ject of 5.1 and 5.2.
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3.1.4 Aggregation of regressands

Aggregation of regressands starts from k > 2 micro regression data matrices

i
macro regressand is formed as a function of the micro regressands. The regres-

[yi : X 1, i=1,..., k, each of which refers to the same units of analysis. A

sors are not changed, in the sense that the union of the k sets of micro regres-
sors is taken as the sef of macro regressors. The individual units of analysis,
and the set of units of analysis, are not changed. The outcome is a macro regres-
sion data matrix [ui Z .

Example 3.1.2.2 is a case of linear aggregation of regressands. The macro
regressand is a linear function of the micro regressands. Further, in the exam-
ple the micro regressor matrices Xi are equal by definition.

More generally, let two micro regressor vectors be considered identical if

and only if they are equal by definition, not merely by numerical accident. Let

the union of the k sets of P, micro regressors Xi form the total micro regres-
sor matrix X. Let the k micro regressand vectors ¥ form the micro regres-
sand matrix Y. Linear aggregation of regressands is described by the vector

and matrix equations

u=Yh ,
Z=X

where h is some k-vector of constants.

Whether any k-vector h should be considered to define a linear aggregation
of regressands, is a matter of convention. Perhaps it is preferable to accept on-
ly those vectors h that have no element equal to zero.

Aggregation of regressands is the subject of 5.3.

3.1.5 Aggregation of units of analysis

Aggregation of units of analysis starts from a single micro regression data

matrix [y . X 1. Macro units of analysis are formed as functions of the micro
units of analysis, in the sense that the data for any macro unit are formed as
functions of the data of some given micro units. The regressors and regressand
are not changed, in the sense that any macro datum for a given variable is a

function of micro data for that variable only. The set of units of analysis is not
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changed, in the sense that the macro data are functions of the micro data only,
while (usually) each micro unit is "represented' in at least one macro unit. The
outcome is a macro regression data matrix [u : Z1.

The distinction between designed, observed and mixed regressors introduced
in 2.3.3 may be relevant in aggregation of units of analysis. Let the micro and

macro regressors be partitioned

x=[x%ix

ME XO]

M O

A '
vz 20,

Z=[%
where XA, XM and XO are the designed, mixed, and observed micro regres-
sors, while ZA, ZM and ZO are the corresponding subsets of macro regressors.
Aggregation of units of analysis often treats the purely observed regressors XO
in the same way as the regressand y, but may treat the designed and mixed
regressors XA and XM differently.

Example 3.1.2.3 is a case of linear aggregation of units of analysis. Each
macro datum is a linear function of some of the micro data. In the example, the
intercept regressor is designed, the regressor xB, the number of sheep, is
purely observed, and the regressors xR and xS, the amounts of rain and snow,
are mixed because they contain replicated observed regressor data. In the exam-
ple, further, the purely observed regressor xB is treated like the regressand
yBF, and the other regressors differently.

Linear aggregation of n micro units of analysis into m macro units of analy-

sis is (incompletely) described by the matrix equation

[B0) O
[uiz"]=T' [yiX 1,

where T is some n x m matrix of constants. The treatment of the designed and

mixed regressors can sometimes be described by the matrix equation

bxMy,

rzbtzMi-s x
where S is some n x m matrix of constants. The matrix S is not necessarily
uniquely determined by the process of aggregation. For example, if the intercept

regressor is the only not purely observed micro and macro regressor, S is any

matrix whose column sums are unity.
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Whether any n x m matrix T, and any treatment of the designed and mixed
regressors, should be considered to define a linear aggregation of units of analy-
sis, is a matter of convention. Perhaps it is preferable to accept only those ma-
trices T that satisfy the following two conditions. First, no row vector of T is
a zero vector. Second, the rank of T is m. Whether the set of purely observed
regressors XO should be permitted to be empty is another matter of convention.

A sgpecial class of aggregations of units of analysis, which satisfy the two re-
strictions on T, will be introduced in 3.1.8. Aggregation of units of analysis is

the subject of 6.1 and 6.2.

3.1.6 Aggregation of sets of units

Aggregation of sets of units starts from k > 2 micro regression data matrices

[yh E Xh 1, h=1,..., k, each of which refers to the same variables. A macro
set of units of analysis is formed as a function of the micro sets of units of anal-
ysis. The regressand and regressors are not changed. The individual units of
analysis are not changed. The outcome is a macro regression data matrix

[u . Z1.

Example 3.1.2.4 is a case of aggregation of sets of units. It may perhaps be
characterized as linear, but it is difficult to imagine what a non-linear aggrega-
tion of sets of units might be like. The linear operation involved is not addition
of scalars or vectors, but addition of sets.

Aggregation of sets of units is described by the matrix equation

(Y 0 %y

e e e -

The macro set of units is the union of the micro sets of units.
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The micro sets of units have been taken to be, and to be treated as, disjoint.
Generalization so as to permit overlapping micro sets is conceivable, but will

not be discussed.

Aggregation of sets of units of analysis is the subject of 6.3.

3.1.7 Partitioned aggregation of regressors

An important special class of aggregation of p micro regressors into q macro
regressors is as follows. Perhaps after a reordering, the micro regressors are

partitioned into q disjoint families of micro regressors,

X=[X, | .c... DX DX 7.

For i=1,..., q, the i'th family has p, = 1 members. If P, = 1, the single mic-
ro regressor forming the i'th family will be called a bachelor regressor. The
partitioning is exhaustive, Py + ...t pq =p.

For i=1,..., q, the i"th macro regressor Zi is a function of the members
of the corresponding family of micro regressors only. The members of non-
corresponding families do not influence z . This class of aggregations of regres-
sors will be called partitioned aggregation of regressors.

Example 3.1.2.1 is a case of partitioned linear aggregation of regressors.
The intercept regressor and the regressor xB, the number of sheep, are bache-
lor regressors. The regressors XR and XS, for rain and snow, form a third
family.

In partitioned linear aggregation of regressors, the transformation matrix G

of 3.1.3 is block-diagonal.

By vveen O ..... e}
G=|10 ..... g reees (@)
O ..... O ..... g
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Fori=1,..., q, the order of the i'th diagonal block gi is p; * 1. The matrix

equation Z = XG decomposes into the vector equations

The conventional restrictions on G suggested in 3.1.3 require that no element
of any 8, is zero.

The term 'partitioned aggregation' is due to W. Fisher [1969], page 10.

3.1.8 DPartitioned aggregation of units of analysis

An important special class of aggregations of n micro units of analysis into
m macro units of analysis is as follows. Perhaps after a reordering, the micro

units are partitioned into m disjoint subsets of micro units,

| A M O
i o0 X 0%
o
P . .
L. - P,
AT R S
LAY JME O 1 A M 1 _O
X | 1= '
N T T
 EETE N SRR -
| [ i .
AR B
1 . 1 . .
DS ' R o
y 1 X 1 X ¢ X j
m m | m 1 m
For h=1,..., m, the h'th subset has nh > 1 members. The partitioning is ex-
haustive, n, +... +n_ =n.
1 m
Forh=1,..., m, the h'th macro unit is a function of the members of the

corresponding h'th subset of micro units only. This class of aggregations of units
will be called partitioned aggregation of units of analysis.

Example 3.1.2.3 is a case of partitioned linear aggregation of units of analy-
sis. The subset of micro units corresponding to the h'th macro unit consists of
those parishes that belong to the h'th county.

In partitioned linear aggregation of units of analysis, the transformation ma-

trix T of 3.1.5 is block-diagonal.
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t1 ..... o ..... O
T = O coveet oceees
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For h=1,..., m, the order of the h'th diagonal block th is nh x 1. The matrix

! O '
equation [u; 2 1=T'[y!: XO] decomposes into the vector equations

fw 20 1=t 1y 1 x%1, h=4,..., m
R R RN
The conventional restrictions on T suggested in 3.1.5 require that no element of
ny t is zero.
any t, isz

If a linear aggregation of units of analysis is such that T is block-diagonal
while the transformation matrix S of 3.1.5 cannot be chosen to be block-diago-
nal conformably with T, the term ''partitioned’ is not appropriate.

Example 3.1.2.3 illustrates a particular kind of mixed regressors that may
occur in partitioned aggregation of units of analysis. The macro regressor sub-

M
matrix Z~ is logically prior to the micro regressor submatrix XM, which is
M

constructed from Z~~ by repeating the h'th row nh times, forh=1,..., m.
Then

XM = KZM

where the matrix K is as in 2.5.4. Mixed regressors of this kind may be called
repetitive. The intercept regressor, although purely designed, can be counted as

a repetitive mixed regressor, because jn =Kj .
m

3.2 Aggregation of aspects

3.2.1 Simple aggregation of aspects

Simple aggregation of aspects starts from k > 2 micro regression data matri-

ces. Each matrix refers to the same n units of analysis and has the same number

p +q of regressors. Each of the k matrices is concerned with a different aspect
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of the units of analysis. Usually, the meaning of the micro regressand, or of the
i'th micro regressor, is analogous in all aspects.

The regressors of any aspect are of two kinds, p > 0 common regressors and
q = 0 specific regressors. If the i'th regressor is common, then the i'th micro -
regressors of all k aspects are equal by definition. If the i'th regressor is spe-
cific, then the i'th micro regressors of the aspects are all different, except per-
haps by numerical accident. The micro regressands are specific to the aspects.

Perhaps after a reordering of the regressors, the micro regression data ma-

trices can be written

[yh; Xc; X}?], h=1,..., k ,
where XC are the p common regressors, and thl are the q regressors specific
to the h'th aspect. The aspect index h has been omitted from the regressor sub-
matrices Xi , which are all equal by definition.

The k micro regression data matrices can be arranged into the three-dimen-
sional data block shown in Figure 3.2.1. Rows and columns correspond to units
of analysis and variables, respectively. The layers of the data block correspond
to the aspects.

A macro regressand is formed as the function f of the micro regressands of
the k aspects. If the i'th regressor is common, it is retained as the i'th macro
regressor. If the i'th regressor of every aspect: is specific, the i'th macro re-
gressor is formed as the function f of the i'th micro regressors of the k aspecté.
The individual units of analysis, and the set of units, are not changed. The out-
come is a macro regression data matrix

 Ci _S
furZ ' Z 1,

partitioned in the same way as the micro data matrices.

Example 3.1.2.5 is a case of simple linear aggregation of aspects. The func-
tion f is linear. There are two aspects, the black-faced sheep and the white-
faced sheep. The intercept regressor and the regressors XR and XS, rain and
snow, are common to the aspects. The fourth regressor XB or xW, number of
black-faced or white-faced sheep, is specific to the aspects. The specific regres-

7

BF WF
sor is aggregated in the same way as the regressand y or y , number of



/
/
/
/ /
/ /
/ /
/ /
/ ve | x© ;xS
/
; /
/
/
/
/
/
/7 ya
1 1
1
C S
J A X X1 P
/
/
)/
n 1
1«1 - p
p+1.- i- ptq
Aspects: h=1,..., k.
Regressors: i=1, ,p+q.

Units of analysis: j

Figure 3.2.1

I
-

<y 0.

The data block in simple aggregation of aspects

79



80

black-faced or white-faced ewe lambs, which is also specific. The specific vari-
ables have analogous meanings in the two aspects.

Simple linear aggregation of aspects is described by the vector and matrix

equations
k
LR CE RN
C
Z = XC ,
k
S S
A
hgi thh ’
where

f= (£, f g

is some k-vector of constants.

Whether any k-vector f should be considered to define a simple linear aggre-
gation of aspects, is a matter of convention. Perhaps it is preferable to accept
only those vectors f that have no element equal to zero.

Simple and more general aggregation of aspects is the subject of chapter 7.

3.2.2 Analysis in terms of regressands and regressors

Simple aggregation of aspects can be decomposed into two consecutive steps,
each of which is one of the elementary types of aggregation. First, certain data
matrices and groups of variables must be defined.

The micro regressand vectors yh , ordered h=1,..., k, form the micro

regressand matrix Y of k columns.

The common micro regressor vectors Xi , ordered i=1,..., p, form the
common micro regressor submatrix XC of p columns.

Consider the i'th specific regressor of each aspect. The k specific (usually
analogous) micro regressor vectors X ordered h=1,..., k, form the i'th
specific micro regressor submatrix Xi* of k columns. There are q such ma-
trices.

The total micro regressor matrix is

* _ rgCl ook [
X*= X iR LX)

and has p + kq columns.
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The matrix XC is a submatrix of every layer of the data block of Figure
3.2.1. The matrices Y and Xi*’ i=p+1,..., p+q, are columns of the data
block, as shown in Figure 3.2.2,

The p + kq micro regressors of X* are partitioned into p + q families as
follows. Each common micro regressor xi ,i=1,..., p, is a bachelor regres-
sor, and forms a single-member family. For each i=p +1,..., p +q, the k
specific (usually analogous) micro regressors of Xl* form a family.

The first step of simple aggregation of aspects is an aggregation of regres-
sands as described in 3.1.4. It starts from the total micro data matrix [Y§ X*1.
A macro regressand u is formed as a function f of the k members of the micro

regressand matrix Y. I the aggregation is linear, then
u=Yf.

The outcome is a semi-aggregated regression data matrix [ué X*1, where the

regressand vector is macro while the regressor matrix is micro.

The second step of simple aggregation of aspects is a partitioned aggregation
of regressors as described in 3.1.7. It starts from the semi-aggregated regres-
sion data matrix [u : X*1. A macro regressor is formed from each family of
micro regressors. For i=1,..., p, the i'th macro regressor zi is identical to
the i'th common micro regressor X i.e. Z =X .Fori=p+1,...,p+q,
the i'th macro regressor z; is formed as the function f of the k members of the
i'th family of specific (usually analogous) micro regressors Xl* . If the aggrega-

tion is linear, then

* .
= f =p+1,... +q .
z; Xi , 1=p s , b tdq

The outcome is a macro regression data matrix

¢ _Civ _S
zl={uw;Z 2]

[u
which is analogous to the layers of the data block. If the aggregation is linear,

the second step can be written Z = XG, where
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is a block-diagonal (p +kq) x (p + q) matrix.

Simple aggregation of aspects is an aggregation of regressands followed by

a particular partitioned aggregation of regressors.

3.2.3 Analysis in terms of sets and units

Simple aggregation of aspects can be decomposed into two consecutive steps
different from those of 3.2.2. Again, each step is one of the elementary steps of
aggregation. First, sub-units of analysis, and certain sets of sub-units, must be
defined.

There are k aspects and n units of analysis. Each combination of one aspect
h and one unit of analysis j defines a sub-unit of analysis, double-indexed hj.

The data for sub-unit hj are the row data vector

This vector is found at the intersection of layer h and row j in the data block.
There are kn sub-units of analysis.

For h=1,..., k, a sub-unit belongs to the set Ah if and only if it belongs to
the h'th aspect. For j=1,..., n, a sub-unit belongs to the set U, if and only if
it belongs to the j'th unit of analysis. The total set of sub-units is Jdenoted S.

The sub-units and sets are indicated by Figure 3.2.3 which is, in a sense, the
right hand surface of the data block.

The first step in the alternative decomposition of simple aggregation of aspects
is an aggregation of sets of units as described in 3.1.6. It starts from the micro
sets of sub-units A, , h=1,..., k. A macro set of units is formed as the union

h
of the micro sets. The outcome is the total set S of sub-units of analysis.
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Figure 3.2.3 Sub-units and sets in simple aggregation of aspects

The second steps is a partitioned aggregation of units of analysis as described
in 3.1.8. It starts from the total set S of sub-units of analysis. The total set is

partitioned into the equally large subsets U]_ ,j=1,..., n. For any j, let
P, C S
[yj { Xj ' Xj 1 denote the matrix formed by the k row data vectors for the sub-

units that belong to Uj . Then the partitioned regression data matrix is

DXC'X
RIBEIRY

it P

——— -

. Cc'_s . C v _S
[y*iX*.X*]: y. + X, I X
R RS
e
I
I R T
T CTs
Yn IXn ‘,Xn

The common regressors of XS are equal for all sub-units within any one subset
U], . Thus, these regressors are repetitive mixed regressors, and XS corre-
sponds to XM of 3.1.8.

The j'th macro unit of analysis is formed from the k members of the subset
Uj of sub-units as follows. The regressand and the specific regressors are ag-

gregated by means of a function f. For the common regressors, data are taken
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C S

; bl
from any one member of U, . The outcome is a macro data matrix [u Z Z ]
J

of n rows. If the aggregation is linear, then

S S

1
fwiz’l=mry i 07,
where
(f ..., O..... 0
T=]10..... f ..., O
LO..... O ..... f

is a block-diagonal kn x n matrix.

Simple aggregation of aspects can be regarded as an aggregation of sets of

units followed by a particular partitioned aggregation of units of analysis.

3.2.4 General aggregation of regressands and regressors

Simple aggregation of k aspects is, by 3.2.2, an aggregation of regressands
followed by a partitioned aggregation of regressors. The micro regressors are
of two kinds. Some are common to all aspects, while the others are specific,
each to one aspect. The families of micro regressors are also of two kinds.
Some consist of one common micro regressor. The others consist of k specific
micro regressors, one from each aspect.

Example 3.1.2.6 is a case of what might perhaps be called general linear ag-
gregation of aspects. There are four aspects, the four kinds of lambs. The inter-
cept regressor and the rain and SNOW regressors, XR and XS, are commor\;vto all
four aspects. Each of the two regressors for numbers of sheep, xB and x ,
oceurs in two out of the four aspects. No regressor is specific to one aspect.

Example 3.1.2.6 can be decomposed into an aggregation of regressands follow-
ed by a partitioned aggregation of regressors. There are three families of micro
regressors. One consists of the intercept regressor alone. The second family

consists of XB and xW. The third family consists of the two micro regressors

' S
x and x , which are common to all aspects.
S .
A modified example, say 3.1. 2.6*, is obtained if the snow regressor x is

excluded a priori from the two micro regression data matrices for ram lambs.
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Then two of the aspects have four regressors. while the other two aspects have
only three regressors.
Whether example 3.1.2.6, or 3.1.2.6™, should be called an aggregation of

aspects, is a matter of convention. The term general aggregation of regressands

and regressors is perhaps to be preferred.

3.2.5 Types of aggregation in the literature

The five types of aggregation are not in themselves an innovation, bui the
names given to them in chapter 3 are new. Each of the five types is likely to be
found in the literature under some different name, or perhaps without a name.

In aggregation of regressors, of regressands, or of aspects — unlike aggre-
gation of units, or of sets — no information on the structure of the aggregation
is gained by considering more than one unit of analysis. These three types of
aggregation are often studied in the following context rather than that of regres-
sion analysis. Interest is focused on the micro and macro relations as theoreti-

cal models valid for any unit of analysis. The generic unit of analysis is consider-

ed.

Outside the context of regression analysis, aggregation of regressors and re-
gressands are better called aggregation of independent and dependent variables.

Partitioned aggregation of independent variables has been studied by many
economists. A typical name used is "'grouping of variables in a single utility or
production function'. Green [1964]. The concept of functional separability men-
tioned in 1.4.1 is concerned with this type of aggregation.

Partitioned aggregation of units of analysis in a context of regression analysis
is studied by Prais and Aitchison [1954 ] under the name of ""grouping of observa-
tions', and by Cramer [1964]. As pointed out by Blalock {1964 ]. the sociologi-
cal concept of "ecological correlation', which will be touched upon in 8.3.3, is
concerned with this type of aggregation.

Aggregation of sets of units is often called "pooling'. If the sets are generated
by different models, the aggregation entails what Wold 1940 . paragraph 23.
calls a "stratification effect’. Given standard assumptions. the homogeneity of
the micro models can be tested by analysis of covariance as shown by Malinvaud

[19647, section 7.7.
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A closely related complex of problems is raised by the alternative or joint
use of cross section and time series data, or of a cross section followed over
time. An uncommonly thorough empirical investigation of a cross section follow-
ed over time is Kuh [1963], chapter 5. The relevance of the problem complex to
econometric model construction is briefly indicated by Christ [1966], several
sections of Part Two. Its relevance to econometric estimation is evident also
from Kimbell [1970]. The connection with aggregation is stated explicitly by
Ringstad [1971]; cf. also Misra [1972]. In view of the great practical im-
portance of this complex of problems, it is remarkable how little most text-
books of econometrics have to say about it.

Simple aggregation of aspects for the generic unit of analysis is probably the
type of aggregation most studied by economists. Often, the unit of analysis under-
stood is a period of time, the aspects are households or firms, the micro rela-
tion is a micro-economic theory, and the macro data are macro-economic aggre-
gates. A name often used is "aggregation of economic relations', e.g. Green
[1964]. Quite naturally, this is the type of aggregation primarily considered in
a text-book of macro-economics, Ackley [1961], chapter XX, or in a textbook
of econometrics, Theil (19717, section 11.3.

In a context of regression analysis, Theil [1954] distinguishes several types
of aggregation. One of these is concerned with systems of simultaneous equa-
tions, and is very complex. Theil’s other types of aggregation are as follows.

"Aggregation over one set of individuals', Theil [1954], chapter II, is simple
aggregation over aspects. ""Aggregation over several sets of individuals or com-
modities', chapter III, is more general aggregation of regressands and regres-
sors.

""Aggregation over time periods', chapter IV, is aggregation of units of anal-
ysis, if there are no lagged variables. The presence of time lags makes it much
mor complex.

"Aggregation in a changing economy', Theil [1954], section 6.1, is concern-
ed with a time series study of macro-economic data. The total set of time periods
is partitioned into disjoint subsets of consecutive periods, say epochs. Each ep-
och is characterized by a different number of micro-economic entities and by

different parameters. First, the micro-economic entities are aggregated within
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each epoch. Second, the epochs are aggregated. In other words, this is a set of
separate general aggregations of regressands and regressors, followed by an

aggregation of sets of units.
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4 A FORMAL ANALYSIS OF LINEAR AGGREGATION IN REGRESSION:
ASSUMPTIONS AND PROBLEMS

4.1 Outline and linearity assumptions

4.1.1 The formal analysis in outline

Chapters 4 to 8 of this study apply a common scheme of formal analysis to
each of the five types of aggregation of regression data introduced in chapter 3.
The concepts involved in the scheme of analysis have been introduced in chapters
1 and 2. The assumptions and problems involved will be specified in the present
chapter 4. The analysis is performed in chapters 5, 6 and 7. Conclusions are
stated in chapter 8, where certain related questions are also discussed.

For each of three types of aggregation, the scheme of analysis will be applied
to two different variants of the type. The first variant is quite general, while the
second variant is a special case of particular interest. The three types of aggre-
gation occurring in two variants are aggregation of regressors (5.1 and 5.2),
aggregation of units of analysis (6.1 and 6.2), and aggregation of aspects (7.1
and 7.2).

For each of the remaining two types of aggregation, the scheme of analysis
will be applied to a single variant. These two types are aggregation of regres-
sands (5.3) and aggregation of sets of units (6.3).

The scheme of analysis is concerned with two different problems. The first
problem is a certain aggregation problem directly related to consistency as dis-
cussed in 1.2. In particular, it is an articulated consistency problem in the sense

of 1.2.4. This consistency problem will be introduced in 4.2.

The second problem is less precise. It is about how to interpret the macro
regression coefficients in micro terms as discussed in 1.3. In particular, wher-
ever possible the interpretation will be by means of a model-free relation, and
otherwise by means of an egpectational relation, as discussed in ﬂ These

two variants of interpretation will be introduced in 4.3 and 4.4.
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4.1.2 Two linearity assumptions

As a preliminary, four subjects are briefly recapitulated. First, by 1.1.4
and 1.1.5 an aggregation is defined by four vector functions {G, H, &, ¥}, and
the latter two may be stochastic. Second, by 3.1.1 the data in each of the five
types of aggregation conform to the following pattern. The micro data form k
regression data matrices [yh Xh 1, h=1,..., k, where in some types k=1
and in others k > 2. The macro data form a single regression data matrix
[u ‘ Z]. Third, in 2.3.3 a distinction was made between designed and observed
regressor data. Fourth, in 2.3.1 the incomplete linear model was defined.

The formal analysis in chapters 4 to 8 is based throughout on two assumptions
of linearity. The first linearity assumption is in two parts as follows. The regres-

sor aggregating function

G Z=g(X, ..., Ky, X))

is linear in the sense that each observed macro regressor datum is a linear func-

tion of some observed micro regressor data. Similarly, the regressand aggregat-

ing function

H: u=h(y1,...,yh,...,yk)

is linear in the sense that each macro regressand datum is a linear function of
some micro regressand data. (All regressand data are observed.)

The second linearity assumption is in two parts as follows. Whenever a micro
relation is assumed, or is otherwise considered, it is taken to consist of k in- ‘
complete linear models, one for each micro regression data matrix.

y, =X B +e ;
s: | D RN h=1,..., k.

E(e, )=0,

(e)
Similarly, whenever a macro relation is considered, it is taken to consist of an
incomplete linear model

u=268+mn;

E (n)=0.

\VH

The covariance matrices of ¢ and 7 are always left unspecified.

h
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Each of the k linear models of & will be called a micro model, and its para-

meter vector Bh a vector of micro parameters. The vector

SECTS IR

T A

will be called the total micro parameter vector, also when k = 1. The linear

model of ¥ will be called the macro model, and its parameter vector § the vec-

tor of macro parameters.

4.1.3 On simultaneous linearity

Consider the following example of simple aggregation of aspects. The aspects
h=1,..., k are different households. The generic unit of analysis considered

(cf. 3.2.5) is a time period. The observed variables are

X = the disposable income of the h'th household,
y, = the demand for tea of the h'th household,
h

4 the joint disposable income of the k households,

I

u the joint demand for tea of the k households.

The regressor and regressand aggregating functions are

k

Gi TR R
k

H: u=h§1yh.

The micro and macro relations are
Bh
&: yh:ahxh ,h=1,..., k;

U u=yz
The micro and macro relations consist of constant-elastic demand functions

where prices are implicitly held constant.

Alternatively, the data can be converted into natural logarithms,
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xh=10gxh,

¥y, = logyy
z* = log z ,
*

u = logu.

The regressor and regressand aggregating functions, and the micro and macro

relations can then be expressed as follows.

G*: 27 =1 l; 5

© oz = log, By oexpx ;
HY: u - log 7 *

su =logy Ty expy,
é*:y;=logah+hx;, h=1,..., k;

*

v¥:out o= 10g7+éz* .
The transformed micro and macro relations are linear.

The aggregation {G, H, &, W} can be described as a linear aggregation of
non-linear relations. The equivalent aggregation {G*, H*, & *, \p*] can be de-
scribed as, on the contrary, a non-linear aggregation of linear relations.

A first linearity assumption for {G, H} and a second linearity assumption for
{®, U} were stated in 4.4.2. Both are meant to apply simultaneously to specified
data. As the example indicates, the simultaneity is not unimportant. (Cf. also

2.2.2.)

4.2 A consistency problem

4.2.1 The status of the four vector functions

Section 4.2 introduces a consistency problem. Whenever this consistency
problem is studied in chapters 4 to 8, the following applies.

The regressor and regressand aggregating functions {G, H} are assumed to
be given linear vector functions with numerically specified coefficients.

Certain classes of micro and macro relations {&, ¥} are considered, but

there is no assumption that any micro or macro relation is valid.
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The micro relations & considered consist of incomplete linear micro inodels
in the sense of 4.1.2. These micro relations are identified by their total micro
parameter vectors B.

The macro relations W considered consist of an incomplete linear macro mod-

el. These macro relations are identified by their macro parameter vectors 6.

4,2.2 A limitation

Section 4.2 is the outcome of a conflict, where the desire for simplicity partly
defeated the desire for generality. The fundamental ideas invoked are applicable
in a wider context.

The notation and the technical details are tailor-made for the five types of ag-
gregation as delimited in chapters 5, 6 and 7. Even so, a certain modification
will be needed in aggregation of units of analysis, in 6.1.3.

Recall the concepts introduced in 2.3.3. A regressor vector is either design-
ed, observed, or mixed. This distinction is relevant to the formulation of the
consistency problem (but not to the interpretation problem). For simplicity, the
following limitation is maintained throughout. Whenever the consistency problem
is considered, there are assumed to be no mixed micro regressor vectors. A
partial exception is however made in partitioned aggregation of units, in 6.2.2

and 6.2.4.

4.2.3 The semi-aggregated and semi-disaggregated models

The regressand aggregating function H is given. Any particular micro rela-
tion & considered implies a semi-aggregated micro relation H& in the sense of
1.1.5. Because of the linearity assumptions of 4.1.2, H& can be written as an
incomplete linear model. This can be done in more than one way, but for each
type of aggregation a particular model formulation will be chosen.

He: u=X By tep
E (eA) =0.

This model H& will be called the semi-aggregated micro model. The matrix XA

will be called the semi-aggregated (micro) regressor matrix., The vector BA
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will be called the semi-aggregated micro parameter vector. The elements of BA

are known linear functions of some elements of the total micro parameter vector
Pof4.1.2.

The regressor aggregating function G is given. Any particular macro relat_ion
¥ considered implies a semi-disaggregated macro relation ‘G in the sense of
1.1.5. Because of the linearity assumptions of 4.1.2, UG can be written as an
incomplete linear model. For each type of aggregation, a particular model for-
mulation will be chosen, which involves the semi-aggregated (micro) regressor

ix X, .
matrix A

u=X,6_ +7m,
oG A™D
E(n)=0.

This model ¥G will be called the semi-disaggregated macro model. The vector

GD will be called the semi-disaggregated macro parameter vector. The elements

of GD are known linear functions of some elements of the macro parameter vec-
tor 6.

The semi-aggregated regressor matrix X, will always be defined so as to

A
have the following properties. It can be partitioned
_rxb %O
XA = [XA : XA 1.

Each element of the semi-aggregated designed regressor matrix XA is designed.

A
Some elements of the semi-aggregated observed regressor matrix Xi may be

(0]
designed to be zero, but no column of X, consists exclusively of such elements.

A
O .
Each element of XA that is not designed to be zero, is a known linear function of
some observed micro regressor data.
The parameter vectors of H& and G are partitioned conformably with the

semi-aggregated regressor matrix as follows

The subvectors B‘lAX and GIA) will be called the semi-aggregated micro and semi-

O
disaggregated macro shift vectors. The subvectors Bi and GD will be called the
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semi-aggregated micro and semi-disaggregated macro slope vectors. Further,

the two vectors ¢

A and D defined as follows

- A-gh A
. 7= | 1
Loyt ypd= Xy I8, 1 6p )

will be called the semi-aggregated micro and semi-disaggregated macro intercept

vectors.
The semi-aggregated micro and semi-disaggregated macro models can be re-

formulated as follows.

> O

Hs: EH@(u):aA +X B

> O
oo »O

vG: W=y, +X, 8

E
vG
These model formulations will be used whenever the consistency problem is stud-

ied in chapters 4 to 8.

4.2.4 A set of independent micro data vectors

Let the number of macro units of analysis be denoted m . The observed semi-

0O
aggregated (micro) regressor matrix X, has m rows. From the j'th row vector

A

O
of X omit any elements designed to be zero. Let the remaining subvector, a

A )
row vector of order qj , be denoted fo .

The independent micro data vector x of 1.1 and 1.2 will be identified with the
following vector of 1 + ap .-t qj ot a4, elements.

v N S
R jf”'{xm)'

x= (1 X
The first element of x is designed to be unity.
The concept of consistency formulated in 1.2.3 refers to a set = of independ-

ent micro data vectors x. Such a set = will be said to be of full subvector rank

if and only if it satisfies the following incomplete specification. For every

j=1,..., m one can select from = g, +1 vectors x such that the g, +1 sub-
) ]

vectors of order qj -1
(11 x!)"
"l

are linearly independent.
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Whenever the consistency problem is studied in chapters 4 to 8, a set = of full
subvector rank is understood. This means two things. First, the designed micro
regressor data remain fixed, while the observed micro regressor data are vari-
able. Second, the observed micro regressor data are subject to no restriction
favourable to consistency; that this is so will be shown in 4.2.6. '

In four out of the five types of aggregation, it is easy to see what the specifica-
tion of = means in terms of the micro regressor matrices Xh ,h=1,,.., k. In
the remaining type, aggregation of units of analysis, this matter must be given

special attention; see 6.1.2.

4.2.5 An indirect consistency problem

An indirect consistency problem in the sense of 1.2.2 will now be formulated.
This crude problem will be refined in 4.2.7.

The four vector functions {G, H, , ¥} are as stated in 4.2.1. The independ-
eﬁt micro data vector x is as in 4.2.4. There is a set g of independent micro
data vectors, and = is of full subvector rank as defined in 4.2.4. In conformity
with 1.2.3, the term '"'consistency" is understood to mean expectational consist-
ency for all x €x=.

The total parameter vector p consists of the parameters of the micro and
macro relations & and ¥. Thus (cf. 4.1.2),

p=(B'i 8",
where P is the total micro parameter vector and § is the macro parameter vec-
tor. The coefficients of the linear regressor and regressand aggregating functions
G and H are not included in p, because they are assumed to be given and fixed.

To the given set = of independent micro data vectors x there corresponds a
set TI(E) of total parameter vectors p such that the aggregation is consistent if
and only if p € TI(E) . The set [l (¥) may be empty.

The indirect consistency problem asks: What is the set II (5) ? In other words,
what micro and macro models, identified by B and 6 , combine into a consistent

aggregation?
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4.2.6 A general proposition

The semi-aggregated micro model H& and the semi-disaggregated macro
model G both make the expected macro regressand vector E (u) a function of
o
the semi-aggregated observed (micro) regressor matrix XA . The aggregation is

consistent if and only if

(0]
whenever XA is admissible according to the set = of independent micro data

vectors.,

The following proposition uses the notation and terminology introduced in

4.2.3, 4.2.4 and 4.2.5.

Proposition 4.2.6

Consider an aggregation where the semi-aggregated micro relation H$ and
the semi-disaggregated macro relation ¥G are the following incomplete linear

models.

He: EI{@(u):ozA +X B

vG: b

>0 » O
oo » O

E‘I/G =y, *+X

Let no column vector of the semi-aggregated observed micro regressor matrix

Xg consist exclusively of elements designed to be zero. The aggregation is

characterized by the semi-aggregated micro and semi-disaggregated macro in-
¢} O
tercept and slope vectors {a, , BA’ Yo GD} .
Consider a set = of independent micro data vectors x, where x consists of

O
all elements of X, not designed to be zero, plus a single element designed to be

A
unity. Let the set = be of full subvector rank.

A necessary and sufficient condition for consistency is

1l
(o

Let the j'th elements of u, N

vector of x deriving from the j'th row of XA be denoted Xj . Let the subvectors

and o be denoted uj , a], and yj . Let the sub-
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O o}
of BA and 6D associated with xj be denoted Bj and éj . The pair {H&, vG} of
m-vector equations consists of the m pairs of scalar equations
E _(u)=ea +x'B
He ] ] ) j=41,..., m.
E u)=+vy. +x'8,
\IJG( J) SIS B

(0}
The aggregation is point-consistent for a certain XA if and only if

forj=1,..., m.

Necessity. Assume consistency.

Consider a particular j. Since = is of full subvector rank, there exist g, +1
linearly independent admissible subvectors (1 . xj') of order qj +1. Let the]se

row vectors form a square matrix M, . Because of the consistency,
]

Thus since Mj is non-singular, aj = yj and Bj = 6], .
O
Repeat for j=1,..., m. Since no column vector of XA is designed to be a

(0] (6]
zero vector, every element of BA - 6D occurs in at least one B, - §, . Thus
= and BO = 50 : :
%~ 7D A °D o o
Sufficiency. Assume that o, = v and BA = 6D . Then

Epp®=E (W

vG
.. L0 .
for any matrix XA of the appropriate order. O

The elements of the semi-aggregated micro and semi-disaggregated macro in-
tercept and slope vectors [ozA , bi, Yp > 68] are known functions of the elements
of the total micro and macro parameter vectors {B, §}. Consequently, P.4.2.6
provides the answer of the indirect consistency problem formulated in 4.2.5.

The set = of independent micro data vectors x has been specified to be of full

subvector rank. If this specification were favourable to consistency, the aggrega-
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tion could be expectationally point-consistent for every x € ¥, and expectationally
point-inconsistent for at least one x outside =. The demonstration of P.4.2.6
shows that this cannot happen. If the aggregation is point-consistent for every

x €=, the "necessity' part of the demonstration shows that the micro and macro
parameters have certain properties. The "sufficiency' part shows that these
properties imply expectational point-consistency for every x. Thus, as was stat-

ed in 4.2.4, the specification of = is not favourable to consistency.

4.2.7 An articulated consistency problem

The indirect consistency problem of 4.2.5 will now be refined into an articu-
lated consistency problem in the sense of 1.2.4.

Consider the indirect consistency problem and a given total micro parameter
vector B. It may or may not be possible to find a macro parameter vector §
such that the aggregation is consistent. If this is possible, § must be chosen so
as to fit B.

The total parameter vector p is partitioned into a subvector P, of critical

parameters and a subvector D, of discretionary parameters. In particular,

p1=5 and p2=6.

The following two questions are asked.

Principal question. For what class of total micro parameter vectors § is con-

cistency at all attainable?

Corollary question. When consistency is attainable, how should the macro pa-

rameter vector 6 be chosen in order to attain it ?

Throughout chapters 4 to 8, this indirect and articulated consistency problem
will be called the consistency problem. Indirectly, P.4.2.6 provides the answer
of the consistency problem. Attention will be focused on the principal question,

because the corollary question will always be found to be rather trivial.

4.2.8 References to literature

The consistency problem formulated in 4.2 is inspired by two similar problems
formulated by Theil (19547 and Ijiri [1968].

Theil (19547 formulates in chapter 7 a Rule of Perfection, which is equivalent
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to the concept of expectational consistency. He then formulates the following con-
sistency problem. The aggregating functions G and H are linear and given. The
micro and macro relations & and ¥ consist of linear models. Does the aggrega-
tion satisfy the Rule of Perfection?

For several different types of aggregation, Theil [1954] formulates necessary
and sufficient conditions for the Rule of Perfection to be satisfied. The conditions
are restrictions onthe total micro parameter vector B. They do not mention the
macro parameter vector 6.

Ljiri [1968] formulates the following consistency problem. Let u, x and z be
as e.g. in Figure 1.1.3, and let A and B be coefficient matrices of appropriate
orders. Ijiri considers a general detérministic linear semi-aggregated micro re-

lation and a general linear aggregating function for independent data,

He: u= Ax;
G: z=Bx.

Is it possible to find a deterministic macro relation

T: u=y(2)

such that the aggregation is consistent ?

Ijiri [1968] formulates a necessary and sufficient condition for a consistent
macro relation to exist. The condition is a restriction on the coefficient matrices
A and B. The derivation of the condition is made more explicit in Ijiri [1971],
section 2.4.

Ijiri’s problem and solution can be generalized so as to permit stochastic vec-
tor functions H& and . Simply interpret u as the expected dependent macro
data vector, and ''consistency' as expectational consistency.

When "'stochasticized" as indicated, Ijiri’s problem and solution include the
consistency problem of 4.2.7 and its solution by P.4.2.6 as the following special
case. The aggregating functions are given. Thus the matrix B is given, and the
matrix A is a function of the total micro parameter vector B only. The consist-
ency condition in terms of A and B is read as a restriction on f.

In a cryptical footnote, Jjiri [1968] acknowledges the connection with Theil

[1954].
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4.3 Interpretation by a model-free relation

4.3.1 The status of the four vector functions

Section 4.3 introduces an interpretation of macro regression coefficients by
means of a model-free relation. Whenever this model-free interpretation is
studied in chapters 4 to 8, the following applies.

The regressor and regressand aggregating functions {G, H} are assumed to
be given linear vector functions with numerically specified coefficients.

No micro or macro relations {&, ¥} are assumed.

4.3.2 The macro and micro statistics considered

Recall the concepts of model-free least-squares regression introduced in 2.2.
The macro data form an m-rowed regression data matrix [u E Z 7. The macro

statistics considered are the GLS(W) macro regression coefficients d, where W

is a positive-definite m x m matrix. The vector d satisfies the system of macro

normal equations

Z'WZd = Z'Wu ,

but d need not be unique.
The micro data form nh—rowed regression data matrices [yh'; )%1 1,

h=1,..., k. The micro statistics considered are the GLS(Qh) micro regression

coefficients bh s

satisfies the h'th system of micro normal equations

X9 X Py = Xy,

but bh need not be unique. If k = 1, the index h is dropped throughout.

Whenever the model-free interpretation is studied, the positive-definite ma-

where Qh is a positive-definite noxn matrix. The vector bh

trix W is arbitrary, unless otherwise stated. The positive-definite matrices Qh ,

on the contrary, are always chosen so as to fit W.

4.3.3 The semi-aggregated and auxiliary statistics

The semi-aggregated (micro) regressor matrix introduced in 4.2.3 and the macro

regressand vector form an m-rowed regression data matrix [u ’ XA 1. The
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model-free interpretation is primarily in terms of the GLS(W) semi-aggregate

regression coefficients bA , where W is the positive-definite m x m matrix in-

volved in the macro regression coefficients d. The vector bA satisfies the sys-

tem of semi-aggregate normal equations

' - !
XAWXAbA XAWu s

but bA need not be unique.

The model-free interpretation involves the concept of auxiliary regression.

The auxiliary regressions are the GLS(W) regressions of each of the p semi-aggre

gated regressors X, upon the g macro regressors Z , where W is the positive-

A
definite m x m matrix involved in the macro and semi-aggregate regression co-

efficients d and bA . The g x p matrix of auxiliary regression coefficients C

satisfies the p systems of q auxiliary normal equations

Z'WZC = Z'WXA ,

but C need not be unique.

The concept of auxiliary regression is due to Theil [19547, Theil [1957].

4.3.4 A general proposition

The macro regression coefficients d are now to be interpreted in semi-aggre-
gate terms. But the macro normal equations may not determine d uniquely.
Therefore, attention is limited to those macro coefficient functions u'd that are
unique in the sense defined in 2.2.4.

The following proposition confronts regressions of the macro regressand u
upon two different sets of regressors. One set is the macro regressors Z, and
the other set is the semi-aggregated micro regressors XA . The proposition in-

terprets pu'd in terms of a semi-aggregate regression coefficient function )"bA .

Proposition 4.3.4

Let u be a regressand m-vector. Let Z be an m x q regressor matrix. Let
X, be an m x p regressor matrix. Let W be a positive-definite m x m matrix.
Let d be any g-vector satisfying the normal equations for the GLS(W) regres-

sion of u upon Z, the macro regression.
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Let bA be any p-vector satisfying the normal equations for the GLS(W) regres-

sion of u upon X, , the semi-aggregate regression.

A
Let C be any q x p matrix satisfying the normal equations for the GLS(W) re-

gressions of X, upon Z, the auxiliary regressions.

A
Let u be a g-vector such that u'd is a unique coefficient function in the macro
regression.
(i) The p-vector ) = C'y is uniquely determined by the auxiliary normal equa-
tions.

(ii) )"bA is a unique coefficient function in the semi-aggregate regression.

(iii) If there exists a2 p x g matrix M such that XAM =7, then

u'd=)\'bA .

(iv) If there exists a p » q matrix M such that X M = Z , then

A
M'A=pu. 3

(i) Let Xi be the i'th element of ) . Let Ci and Xi be the i'th column vec-
tors of C and XA . Since pu'd is a unique coefficient function in the macro regres-
sion, by P.2.2.4.A u is in the row space of Z . Therefore by P.2.2.4.A
)‘i =u' Ci is a unique coefficient function in the auxiliary regression of Xi upon
7 . The argument is repeated fori=1,..., p.

(ii) The demonstration is divided into two steps.

(ii:1) Since p'd is a unique coefficient function in the macro regression, by
P.2.2.4.B there exists at least one gq-vector s such that Z'WZs = . For any
such vector s, by the auxiliary normal equations, )\' = u'C = s"ZWZC =
= s'Z'WXA . Thus )\' = t'XA for t = WZs, i.e. ) is in the row space of XA .

(ii:2) Therefore by P.2.2.4.A )"bA is a unique coefficient function in the
semi-aggregate regression.

(iii) The demonstration is divided into three steps.

(iii:1) Since pu'd is a unique coefficient function in the macro regression, by
P.2.2.4.B there exists at least one g-vector s such that Z'WZs =y, and for
any such vector s, p'd=s'Z'Wu. Further, for any such vector s, by the aux-
iliary normal equations, s’ Z'WXA =s8'Z'WZC =pu'C=)"'.

(iii:2) Since XAM = Z and by the semi-aggregated normal equations,
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Z'Wu = M’X"AWu = M'X:AWXAbA = Z'WXAbA .

(iii:3) Therefore, p'd=s'ZWu=s'Z' WXAbA = >‘-'bA .

(iv) Since p'd is a unique coefficient function in the macro regression, by
P.2.2.4.B there exists at least one g-vector s such that Z'WZs = u. For any
such vector s, by the auxiliary normal equations and because XAM =7,
M'\=M'C'u=M'C'Z'WZs = M'X;XWZs =Z'WZs=u. O

An analogous proposition is found in 4.4.3 below.

4.3.5 The weight-sum relations

If the aggregating functions G and H imply that XAM = Z for some matrix M,
then by P.4.3.4 any unique macro coefficient function y'd can be interpreted as
a unique semi-aggregate coefficient function )"bA , where ) = C'y. The vector
) is also related to the vector u by the equation M'\ = .

In a practical situation, the macro regression data [ u i Z ] and the matrix M
may be all that is known. Then the auxiliary regression coefficients C cannot be
computed, and the vector ) corresponding to a given vector p cannot be deter-
mined in practice. In such situations, the relation M') = p is helpful. It cannot
in general be solved for ), but it provides the following partial information.

Let M, be the i'th column vector of M. Let H be the i'th element of .

Then for i=1,..., q,

) —
Mi)\~u

i .

These restrictions on the weight vector ) will be called the weight-sum relations.

4.3.6 An interpretation in two steps

Three kinds of regressions were introduced in 4.3.2 and 4.3.3, macro, semi-
aggregate, and micro. There are three corresponding kinds of coefficient func-
tions, macro u'd, semi-aggregate )UbA , and micro )‘l'abh ,h=1,..., k.

The desired model-free interpretation will be achieved, if at all, in two steps.
The first step is as follows. A unige macro coefficient function p'd is shown to
be equal to a unique semi-aggregate coefficient function )"bA , where ) is deter-
mined by p. The second step is as follows. A unique semi-aggregate coefficient

function )L'bA is shown to be equal to the sum of micro coefficient functions
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Aflbh ,h=1,..., k, where )\h are determined by ) . Thus

k
1 — 1 — A}
HA=ATD, = by,

and the weight vectors Xh of the implied micro coefficient functions are ultimate-

ly determined by the macro weight vector p.

A simple first step of the interpretation requires a simple relation between
the macro data [u ; Z 1 and the semi-aggregated data [ué XA 1. A fairly gener-
al class of such helpful relations has been found. If there exists a matrix M such
that Z = XAM , then P.4.3.4 provides the first step of the interpretation.

A simple second step of the interpretation requires a simple relation between
the semi-aggregate data [ u i XA 1 and the micro data [yhé Xh 1, h=1,..., k.
No general class of such helpful relations has been found. Two very particular
relations will be used in 5.1.3 and 6.3.3.

Whether the implied micro coefficient functions are unique is discussed in

4.4.5 below.

4.4 Interpretation by an expectational relation

4.4.1 The status of the four vector functions

Section 4.4 introduces an interpretation of macro regression coefficients by
means of an expectational relation. Whenever this expectational interpretation is
studied in chapters 4 to 8, the following applies.

The regressor and regressand aggregating functions {G, H} are assumed to
be given linear vector functions with numerically specified coefficients.

The micro relation $ is assumed to consist of incomplete linear micro models
in the sense of 4.1.2. The total micro parameter vector B is not assumed to be
known.

No macro relation ¥ is assumed.

4.4.2 The macro statistics and the semi-aggregated model

The statistics to be interpreted are the GLS(W) macro regression coefficients

d introduced in 4.3.2. The vector d satisfies the macro normal equations
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Z'WZd = Z'Wu

but need not be unique. The positive-definite matrix W is arbitrary.
The interpretation is based on the semi-aggregated micro model introduced in

4.2.3, which is now written as follows.

Ha: EHQ(U‘):XABA .

The semi-aggregated micro parameter vector BA is a known function of the total

micro parameter vector B.

4.4.3 A general proposition

The macro regression coefficients d are now to be interpreted in semi-aggre-
gated (micro) model terms. As in 4.3.4, attention is limited to unique macro co-
efficient functions p'd.

The following proposion confronts a regression and a linear model both involv-
ing the macro regressand vector u. The regression is of u upon the macro re-
gressors Z . The model relates u to the semi-aggregated micro regressors XA .
The proposition interprets p'd in terms of a semi-aggregated micro parameter

5 ]
function ) BA .

Proposition 4.4.3

Let u be a regressand m-vector. Let Z be an m x q regressor matrix. Let
XA be an m x p regressor matrix. Let W be a positive-definite m x m matrix.

Let d be any g-vector satisfying the normal equations for the GLS(W) regres-
sion of u upon Z, the macro regression.

Let u and XA be related by the semi-aggregated micro model

whose parameter p-vector BA is not assumed to be known.
Let C be any g x p matrix satisfying the normal equations for the GLS(W) re-

gressions of X, upon Z, the auxiliary regressions.

A
Let wbe a g-vector such that p'd is a unique coefficient function in the macro

regression.
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(i) The p-vector X\ = C'y is uniquely determined by the auxiliary normal
equations.

(i) A’ BA is an estimable (or identified) parameter function in the semi-aggre-
gated micro model.

(iii) The semi-aggregated micro model implies that
E 1 — 1 .
re(Hd) =X Ba

(iv) If there exists a p x ¢ matrix M such that X, M = Z, then

A

[e]

M'x=u. g
(i) The same demonstration as for P.4.3.4 (i).
(ii) The demonstration is divided into two steps.
(ii:1) As in (ii:1) of the demonstration for P.4.3.4 (ii), )\ is in the row space

of XA.

(ii:2) Therefore by P.2.4.1.A (or P.2.3.2) )' BA is an estimable (or identi-
fied) parameter function in the semi-aggregated micro model.

(iii) The demonstration is divided into three steps.

(iii:1) As in (iii:1) of the demonstration for P.4.3.4 (iii), for certain vectors
s, w'd=s"Z'"Wu and s'Z’WXA =3'.

(iii:2) By the semi-aggregated micro model, EHé(Z'Wu) = Z'WXABA .

(iii:3) Therefore, EH@(u,'d) = EHQ(S' Z'Wu) = s'Z'WXABA =" BA .

(iv) The same demonstration as for P.4.3.4 (iv). O

By the semi-aggregated micro model, EH:{:('J,d) =)' BA . If, in addition, the
aggregating functions G and H are such that XAM = Z for some matrix M, then
there are also the weight-sum relations M') = j4. As indicated in 4.3.5, these
may be helpful.

Essentially. P.4.4.3 is a generalization of the analysis of specification errors
due to Theil [1957]. If the macro regressor vectors are linearly independent,
every element of the macro coefficient vector d is unique. The auxiliary regres-

-1
sion coefficients are also unique, C = (Z'WZ) Z'WXA . If further W =1, then

by P.4.4.3 (iii),
E__@= (Z'Z)"izfx B
Ha ATA’

This is the central result of Theil [1957].



4.4.4 An interpretation in two steps

The desired expectational interpretation is achieved in two steps. The first
step is as follows. The expectation of a unique macro coefficient function u'd is
shown to be equal to an estimable semi-aggregated micro parameter function
2! BA , where ) is determined by p. The second step is as follows. An estimable
semi-aggregated micro parameter function )' BA is shown to be equal to the sum
of micro parameter functions )\}'lBh ,h=1,..., k, where )‘h are determined by
) . Thus,

K
Egg (W) =8y = I 08,

and the weight vectors )‘h of the implied micro parameter functions are ultimate-

ly determined by the macro weight vector p.

The first step of the interpretation is always provided by P.4.4.3. It is impor-
tant to note that the first step evaluates the expectation according to the semi-ag-
gregated micro model H& of a macro coefficient function y'd. No macro model
has been assumed.

The second step of the interpretation runs as follows. The elements of the
semi-aggregated micro parameter vector BA are known linear functions of the
elements of the total micro parameter vector B, i.e. of the elements of the mic-
ro parameter vectors Bh ,h=1,..., k. Therefore any semi-aggregated micro
parameter function X' BA is easily "'separated' into a sum of k micro parameter
functions x}'lBh .

Whether the implied micro parameter functions are estimable is discussed in

4.4.5.

4.4.5 On uniqueness and estimability

The model-free interpretation of 4.3.6 produces implied micro coefficent
functions )‘};bh . The expectational interpretation of 4.4.4 produces implied micro
parameter functions A}'IBh . It remains to discuss whether these are, respectively,
unique and estimable (or identified).

First consider the expectational interpretation. By P.2.2.4.B py'd=n'u,
where the vector 7 is determined by . The elements of the macro regressand

vector u are known linear functions of the elements of the micro regressand



vectors Yy h=1,..., k. Therefore any macro "estimator" #'u is easily

""separated" into a sum of k micro estimators 'r}'lyh , where Th are determined

by m. Thus,
k

pA=mu =y 2 Ty, -

and the weight vectors T, of the implied micro estimators are ultimately deter-

h
mined by the macro weight vector p. The implied micro estimators are not nec-

essarily GLS estimators.
The expectational interpretation holds identically in the total micro parameter

vector B. Therefore, it can be ''separated' into components as follows.
E_(T1! =x'8 , h=1,..., k.
s ) T My

For each h, the h'th implied micro estimator is an unbiased estimator of the
h'th implied micro parameter function. Thus by the definition in 2.4.1, the im-
plied parameter functions are estimable.

Now consider the model-free interpretation, which assumes no models. For
the sake of the argument, consider hypothetical linear micro models &. These
imply a (hypothetical) expectational interpretation. The two interpretations are

written as follows.

K
M'

vd: .
Hd= 2 by

E 'd) = .
ne D =iy, By
By the argument above, the hypothetical implied micro parameter functions
E'
N Bh are (hypothetically) estimable. Therefore, if

M

*h

E
—)\h ) h—i,...,k 5

1
then by P.2.4.1.B the implied micro coefficient functions )\11:/[ bh are unique.

M E
It is not self-evident that the two sets of weight vectors )\h and >‘h are identi-
cal. In the two cases where model-free interpretations are given below, in 5.1.3
and 6.3.3, they are identical. Further, in these two cases the implied micro

"estimators' are GLS estimators.
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4.4.6 Three critical assumptions

The following three assumptions are of critical importance for the interpreta-
tion in micro terms of a unique macro coefficient function u'd.

Assumption M. The macro and semi-aggregated micro regressor matrices
are related by an equation XAM =Z.

Assumption P. The semi-aggregate and micro regression data are so simply
related that there is a known relation bA = ZPhbh between the semi-aggregate
and micro regression coefficients (if Qh are chosen to fit W).

Assumption &. There are linear micro models such that EHé(u) = XABA .

Assumption M guarantees a model-free interpretation ) bA in semi-aggregate
terms, and weight-sum relations M'X\ = .

Assumptions M and P jointly guarantee a model-free interpretation 'Z)\}'l bh in
micro terms. In favourable cases, M') = u can be read as weight-sum relations
for the micro weight vectors >‘h .

Assumption & guarantees an expectational interpretation Zk}’] Bh in micro
terms, but no weight-sum relations.

Assumptions & and M jointly produce Z)\}'] Bh and M')\ = p. In favourable

cases, the latter relation can be read as weight-sum relations for the micro

weight vectors )h .

4.4.7 References to literature

The larger part of Theil [19547 is concerned with expectational interpretation
of the kind formulated in 4.4.4. This is however not clearly explained in the text,

where it is said that macro parameters are "interpreted' as the expected macro

regression coefficients. That Theil [1954] actually defines the macro parameters
as the (micro-) expected macro regression coefficients is stated explicitly in
Kloek {19617, Theil [19627 and Misra [1967], but only as it were in passing. It
is emphasized in Liitjohann [19727; cf. also Wu [1973].

That Theil [19547 is actually concerned with expectational interpretation is
easier to see from the summary given in Theil [1971], section 11.3. The nota-
tion used there gives a clear indication of the fact. The term ""macro parameter"

is never mentioned.
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The expectational interpretation assumes no macro model. The model-free in-
terpretation formulated in 4.3.6 is the outcome of an attempt to eliminate the
micro models too. Both kinds of interpretation were described in Liitjohann

[19711.



5 A FORMAL ANALYSIS:
AGGREGATION OF REGRESSORS OR OF REGRESSANDS

5.1 Linear transformation of regressors

5.1.1 Definition and notation

The micro data form the n x (1 + p) regression data matrix [y . X1, where '
n>1 and p> 1. The macro data form the n x (1 + q) regression data matrix
[uiZz?, where q>1. For j=1,..., n, the j'th macro unit of analysis is identi-

)

cal to the j'th micro unit of analysis.

The regressor and regressand aggregating functions are

G: Z =XG ,
H: u=y,
where G is a given p x q matrix of constants. Each macro regressor is a given
linear function of the micro regressors.
Linear transformation of regressors includes cases that it may not be natural

to call aggregations; cf. 3.1.3.

The micro and macro relations

&: y=XB+e€; E(e)=0,
U u=7o6+n; E(n)=0

are sometimes considered.
Designed and observed regressors are sometimes distinguished; cf. 4.2.2.
There are pA > 0 designed and pO > 0 observed micro regressors X = [XA{[ XO 1,
where pA + pO =p. There are qA > 0 designed and qO > 0 observed macro regres-
sors 7Z = [ZAE ZO], where qA +qO= q.
The regressor aggregating function is partitioned accordingly.
b

i
rxbix0 et
o |

T
44,0 C_}
G: [Z~1z2 1=

GO

b are not affected by the observed

By definition, the designed macro regressors Z
micro regressors XO . The observed macro regressors ZO may be affected

(translated) by the designed micro regressors x8.
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The micro and macro parameter vectors are partitioned accordingly.

s E) = x5+ x%8°

v: B =25+ 29%° .

The semi-aggregated regressor matrix is defined to be identical to the micro
regressor matrix; cf. 4.2.3.

A LO

gxijz[x P X7 1=X.

The designed submatrices are identical. The observed submatrices are identical.

5.1.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are

0.0
He: Ey (=0, +X,B.,
0.0
vG: E\IJG(u)—'yD+XA5D,
where
_ - ALY
o, (X B
0 0 ’
[ B, L B
- r T O
"7p xt 6" +a6)
o | oo
I

The following proposition answers the consistency problem. Note that the micro

parameters B are critical and the macro parameters § discretionary; cf. 4.2.7.

Proposition 5.1.2

Consider linear transformation of regressors, where the transformation ma-
trix G is partitioned as above.

A necessary and sufficient condition for consistency to be attainable is that the
following two statements are both true.

(i) The micro parameter subvector BO associated with the pO observed mi-

cro regressors is such that
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(o)
for at least one q -vector 60 .
(ii) The designed micro regressor submatrix xb and the micro parameter
BA A designed micro regressors are such that,

subvector associated with the p

for some 60 satisfying (i),
x50 = %8 (GLsb + 6760
A

e}

for at least one q--vector 6A .9

This is a special case of P.4.2.6.

Statement (i) taken alone is a necessary condition for consistency to be attain-

O
able. The micro parameter subvector 8~ must be in the column space of GO .

5.1.3 A model-free interpretation

The macro regression data [u . Z 1 and the semi-aggregate regression data
fu fl XA] are related by the equation XAG= zZ.
The semi-aggregate regression data [u ¢ X 1 and the micro regression data

J
[y : X 1 are identical. Thus any vector bA of ?}LS(W) semi-aggregate regression
coefficients is also a vector b of GLS(W) micro regression coefficients, and con-
versely; cf. 4.3.6.
The following proposition provides a model-free interpretation. Note that, by

P.4.3.4, the semi-aggregate coefficient function )"bA is unique.

Proposition 5.1.3

Consider linear transformation of regressors. Let d, bA and b by any vec-
tors of GLS(W) macro, semi-aggregate, and micro regression coefficients, re-
spectively. Let C be any matrix of GLS(W) auxiliary regression coefficients.

Let u be a g-vector such that y'd is a unique macro coefficient function. De-
fine the p-vector ) = C'y. Then:

(i) p'd-= X'bA =x'b .

(i) G'ax=p. 6

This is a special case of P.4.3.4, except for the second equation of (i), which

follows because bA =b. O

In the terms of 4.3.2, this model-free interpretation chooses Q = W.
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5.1.4 An expectational interpretation

The micro model E (y) = Xp implies the semi-aggregated micro model

Ha: EH:;:(u):XABA s

where XA =X and BA = B. As before, XAG: Z.
The following proposition provides an expectational interpretation. Note that,

by P.4.4.3, the semi-aggregated micro parameter function )' BA is estimable.

Propositon 5.1.4

Consider linear transformation of regressors. Let d be any vector of GLS(W)
macro regression coefficients. Let C be any matrix of GLS(W) auxiliary regres-
sion coefficients.

Let u be a g-vector such that u'd is a unique macro coefficient function. De-

fine the p-vector } = C'y. Then:
; 1 — a1t — 31
() Epg(Wd)=x'B =x'B.
(i) G'A=p. S
This is a special case of P.4.4.3, except for the second equation of (i), which
follows because BA =8. O

The implied micro parameter function )\'B in P.5.1.4 has the same weight

vector ) as the implied micro coefficient function )'b in P.5.4.3; cf. 4.4.5.

5.1.5 An example

Let the micro and macro regression data matrices be as follows.

The intercept regressor is the only designed micro and macro regressor. There
are two observed micro regressors and one observed macro regressor. The re-
gressand aggregating function H is u =y . Let the regressor aggregating function

G be as follows.
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cti gt
jiz3=12812%1=x8 x°7 [+ =
' o ia°
110
_[Jéxi XZJ Oii
02

For simplicity, let the rank of Z be q = 2. Then all macro and auxiliary regres-
sion coefficients are unique.
The micro and macro parameters and GLS(W) regression coefficients are de-

noted as follows.

(681 b2 ] 81 vt
FO ey I Py
SR R R T

| Pib B 1 b

2. 2
| 68} a® ]
[61d] = | -515
501 40

s

The auxiliary regressions are of X upon Z .
Consider the consistency problem. By P.5.1.2 consistency is attainable if

and only if there exist scalars 60 and GA such that

B 1
[1]:8():(3060:[:'60,
82 2

T O
it =xPP = xb (Pt + a6 ) = j6°

The critical condition is the first orne, which requires that 62 = 261 .
Consider the problem of interpreting the macro coefficient function

ab

]J,'d=]:0 1] o =d
d



117

i.e. the macro slope. The implied micro coefficient and parameter functions are

denoted as follows.

pbd i gh L
. AI; Ol ,_,_.:_.A, A: ----- :._-_
! ! 1= t 1 7 = 1
b 1 B b B
20 2
The weight vector ) considered is } = C'y, i.e
G 10 0
0
1 a 013 “1z T
XZ 02]' oz €2z

By P.5.1.3 and P.5.1.4,

o
d = +
d-=cy,byte, by,

O
Erg(d ) =cy,Bytey,Py
Further, there are the weight-sum relations G')» =y, i.e.
28] \
1 0 0 by 0
)\i = =
0 1 2 N ORI 1

That )\A =0 is seen from ) = C'y even if the observed micro data are unknown.

The second weight-sum relation says that

+ = + =1
M TR =y, 20,

whatever the observed micro data.

5.1.6 A special case: Omission of regressors

Omission of regressors is a special linear transformation of regressors. For
simplicity, let there be a single designed regressor, the intercept regressor. The

. O O . 0O .
first q < p observed micro regressors X_ are retained as macro regressors.

Z
The remaining micro regressors XO are simply omitted. The regressor aggre-

gating function G is as follows,
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110
i 2%=110x0 x21 [0 i O
00

where IO is the unit matrix of order qo . Omission of regressors is hardly a
case of aggregation, but is of interest nevertheless.

The micro parameter subvectors associated with X(Z) and XO are denoted
Bg and Bg . The GLS(W) micro regression coefficient subvectors are indexed
analogously, and so are the subvectors of ) . The matrix of GLS(W) auxiliary

regression coefficients can be taken to be

1 0 !
COJ
O

C
0 I 0z

also when C is not unique.
Consider the consistency problem. By P.5.1.2, a necessary condition for

(0] (@)
consistency to be attainable is that there exists a q -vector § such that

(0] O
B I
Z O
= 8
0 .
BO 0

The condition requires that Bg = 0; the omission of relevant regressors causes

inconsistency.
Consider the problem of interpreting the qo macro GLS(W) regression coef-
ficient functions
O dA—I O
M'd=[O} I 1|~ I =4,
d g
i.e. the macro slopes. The weight vectors ) of the qo implied macro coefficient

and parameter functions are the qo column vectors of the p x qo matrix

A=C'M.
Al 10 0
O (0] 0 (0]
A= A’Z = 0 I [IO] = 1
AO c [N (O
O 0j
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In this case, the weight-sum relations G'A = M provide no additional informa-

tion.

If the macro slopes are unique, then by P.5.1.3 and P.5.1.4,

o) .0 e)
d —Abbe+COZbO,

o) va_ a0 0)
EHé(d )—AB—BZ+COZBO.

The elements of the qo x (pO - qO) matrix COZ are the slopes in the GLS(W)
auxiliary regression of the omitted Xg on the retained Xg .
Omission of regressors is an error of specification. Its consequences are

shown by the two interpretative relations. A least the expectational relation is
due to Theil [1957]. Both relations are given by Goldberger [19647, section
4.10. Some applications are found in Griliches [1957], Nerlove [1958b7, Gold-

berger [19617], Haitovsky [1966], and Box [19667.

5.2 Unweighted partitioned aggregation of observed regressors

5.2.1 Definition and notation

Unweighted partitioned aggregation of observed regressors will now be defined;
cf. 3.1.7. What was said in5.1.1 - 5.1.4 applies, and is specialized as follows.

The p micro regressors are partitioned into g disjoint, exhaustive families.
For i=1,... q, the i'th macro regressor is the sum of the members of the i'th
family of micro regressors. Some families have a single member, a bachelor
regressor. The pA designed micro regressors XA and the first r obserV"ed

(0]
micro regressors XB are bachelor regressors, and are "aggregated' into

O
qA = pA and r Macro regressors 78 = xB and ZB = XB. The remaining pO -T
observed micro regressors form s = qO - r families. For h=1,..., s, the

O O
h'th family Xh has Py > 2 members, and their sum is the macro regressor z}?
Let IA and I denote the unit matrices of orders pA and r. For h=1,..., s,
@)
let Lh denote the Py ~-vector of unit elements. The regressor aggregating func-

tion G is as follows.



__I_A.é_p____Q_:::::_Q_

0 !rIB 0 ..... 0

[ZAEZ%Z?.. Z(S)]:[XAE ngi)._ xJ1| 0 e By e o}
: | : :
o to 0. isJ

The transformation matrix G is block-diagonal.

The subvectors of b associated with Xg and X}? are denoted bg and b}? ,
and similarly for B and ) . The subvector and elements of d associated with ZB
and zO are denoted dg and dO

h h
The matrix of auxiliary regression coefficients can always be taken to be

, and similarly for §.

® o b ... cb
1 s
(0] IB CB ..... CB
1 s
= ! '
C (0] (e} c.“ ..... o1 s
(@] O v, c!
L cis ssJ

also when C is not unique. The submatrix c}’lk is a row vector of order p}? .

5.2.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro models are as in

5.1.2, where now

- [ Ah ] - - T A
FaA X B b X=6
A . R

Py Oy
0 o ol _ | .
Ba | ~ By ’ bp{ = | 4

| I Lo
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Proposition 5.2.2

Consider unweighted partitioned aggregation of observed regressors.
A necessary and sufficient condition for consistency to be attainable is that for

(o)
h=1,..., s, the micro parameter subvectors Bh are such that
o_. O
Ty
0 (o)
for some scalars 6h .09

This is a special case of P.5.1.2. Some parts of the condition stated there

are automatically fulfilled, and have been omitted. O

The consistency condition can be reformulated in words. For any non-bachelor
family of observed micro regressors, the micro parameters associated with the

members must all be equal.

5.2.3 Model-free and expectational interpretations

Interpretations will be given for two kinds of macro regression coefficients.

The first kind dl? is associated with a macro regressor that is the sum of

1 > 2 observed micro regressors; k=1,..., s.

Proposition 5.2.3.A

Consider unweighted partitioned aggregation of observed regressors. Let d
and b be any vectors of GLS(W) macro and micro regression coefficients. Let
C be any matrix of GLS(W) auxiliary regression coefficients.

If d}? is a unique coefficient function in the macro regression, the following

three statements are true.

. o S , .0
(1) 9% = nZ1 hk By
. o_ S , .0
i) By (A =y 2o By
1 if h=k
.y _ s o
@ je =ty i nsk. °

Let e be a g-vector whose (qA +r +k)'th element is unity, while all other

elements are zero. Then dl? = pl'{d, and )k = C'pk is the transposed



144

(qA +r +k)'th row vector of C.

Statements (i), (ii) and (iii) are special cases of P.5.1.3(i), of P.5.1.4(i),
and of P.5.1.3(ii) = P.5.1.4(ii), respectively. [

The second kind of macro regression coefficient dm is associated with a

bachelor regressor. The corresponding micro regression coefficient and para-
meter are bm and Bm . Forany m=1,..., pA +1r, let the m'th row vector of

C be denoted

RN TRIPPS ! 1,

where t;n is the m'th row vector of the unit matrix of order pA +r, while c}'lm

is a row vector of order p}? . No distinction is made between designed and ob-

served bachelor regressors.

Proposition 5.2.3.B

The same assumptions as in P.5.2.3.A.

If dm is a unique coefficient function in the macro regression, the following
three statements are true.

S

(0]
. _ .
) dm bm * h=21 Chmbh

S
PRSI

(i1) EH<I>(dm):Bm+h—1 m h

(iii) if’lchm:O’ h=1,..., s.

[oXe}

Let um be a g-vector whose m'th element is unity, while all other elements
are zero. Then d =p' d, and \ = C'y is the transposed m'th row vector
m m m m

of C.

The same demonstrations as for P.5.2.3.A. T[]

The expectational interpretations will now be described in words. Recall the
concepts of corresponding and non-corresponding families introduced in 3.1.7.
The description is incomplete, but is valid for both P.5.2.3.A and P.5.2.3.B.

The micro expectation of a unique macro coefficient is the sum of q weighted
sums of micro parameters, one for each family of micro regressors. The sum

of the weights for the corresponding family is unity, also when this family has a
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single member. The sum of the weights for any non-corresponding family is zero,
also when the family has a single member. The micro parameters of non-corre-

sponding bachelor regressors are therefore never effectively included.

5.2.4 On the connection with Theil’s analysis

The expectational interpretation of 5.2.3 very much resembles Theil [1954],
Theorem 1. The weights are auxiliary regression coefficients exactly as in Theil.
The weight-sum relations are the same as in Theil.

An important difference is that 5.2 is about partitioned aggregation of regres-
sors, while Theil’s Theorem 1 is about simple aggregation of aspects. As was
pointed out in 3.2.2, simple aggregation of aspects is an aggregation of regres-
sands followed by a partitioned aggregation of regressors. As will be seen in
5.3 and 7.2, the aggregation of regressands is quite harmless, and it is the ag-
gregation of regressors that causes all the difficulties.

A less important difference is that Theil [1954] treats all regressors alike,
except the intercept regressor. As was seen above, as far as interpretation is
concerned, all bachelor regressors behave analogously. The intercept regressor
is the most frequently occurring bachelor regressor. Theil’s formulation is cor-

rect but less informative.

5.3 Aggregation of regressands

5.3.1 Definition and notation

The micro data form k » 2 regression data matrices [yi Xi] of orders
nx (1 +pi), where n > 1 and pizi, i=1,..., k. Let the i'th set of micro
regressor vectors be called Ri . The union of the k sets Ri has p > max P,
members. These form the n x p total micro regressor matrix X; cf. 3.1.4.
The k micro regressand vectors form the n x k micro regressand matrix Y.

The macro data form the n x (1 + p) regression data matrix [ui Z 1. For

j=1,..., n, the j'th macro unit of analysis is identical to the j'th micro unit

of analysis.
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The regressor and regressand aggregating functions are

G: Z=X,
H: u =Yh,

where h is a given k-vector of constants. The macro regressand is a given linear
function of the micro regressands. The set of macro regressors is the union of
the sets of micro regressors.

The micro and macro relations
. = + € € )= i=1,...
% A XiBi i’E(i) 0, i=1,..., k,
/M u=%26+n, E(n) =0

are sometimes considered. Alternatively, the k micro models are expressed in

terms of the common total micro regressor matrix as follows,

- = * = .:
$: y,=XB +e , E(e)=0, i=1,..., k.

The augmented micro parameter vectors B¥ are defined as follows. Those ele-
i

ments of Bi* that are associated with the set Ri of regressors, are equal to the
corresponding elements of Bi . All other elements of Bi* are defined to be zero.
*
d mi t k
The k augmented micro parameter vectors Bi form the p x k augmented

micro parameter matrix B*. The k micro models are written jointly

$: E(Y)=XB*.

O
A and p > 0 observed regres-

Sometimes, pA > 0 designed regressors xb=yz
0] (0] (0]
sors X =7 are distinguished, where pA +p =p. The augmented micro para-
meter matrix and the macro parameter vector are partitioned accordingly.

s E(v)=xB*0 .+ x98*0
U E (u) :ZA5A+ZOGO .
The semi-aggregated regressor matrix is defined to be identical to the total

micro regressor matrix.

The designed and observed submatrices are identical, respectively.
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5.3.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are

0,0 0.0
EHq)(u)~o(A +XABA , and E\I/G(u)_yD +XA6D , wWhere

A *
] [t
o) L0
BA | B*"h

AL
D _FXG
60 60
D L

The following proposition answers the consistency problem.

Proposition 5.3.2

In aggregation of regressands, consistency is always attainable. 9

P.4.2.6 applies. For any B¥*, consistency is attained by choosing §= B*h. O

5.3.3 An expectational interpretation

The micro models E (Y)= XB* imply the semi-aggregated micro model

= = = * =
EHq’(u) XABA’ where X X and BA B h. Further, X Z.

A A
For any p-vector p, let ui be the subvector corresponding to the set Ri of
regressors. Let hi be the i'th element of h . The following proposition provides

an expectational interpretation.

Proposition 5.3.3

Consider aggregation of regressands. Let d be any vector of GLS(W) macro
regression coefficients.
Let u be a p-vector such that y'd is a unique macro coefficient function. For
i=1,..., k define the pi—vector Xi = hiui . Then:
k
EppWd)=p'8y= 2 X8 .
Since XA = Z, one can take the matrix of auxiliary regression coefficients to be

= ' = ' = * = *
C= Ip. Then by P.4.4.3, EH@(U dy=p BA. Further, from BA B"h )ZhiBi
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: ' - ¥ — '
it follows that p'B, = Th py B =2x B . M

In particular, if h then the weight vector )‘i of the i'th implied micro

=7
k
parameter function is simply the subvector of |, corresponding to the set Ri of
regressors.
Except for special cases such as when all Ri are equal, there is no simple

model-free interpretation.
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6 A FORMAL ANALYSIS:
AGGREGATION OF UNITS OF ANALYSIS OR OF SETS OF UNITS

6.1 Linear transformation of units of analysis

6.1.1 Definition and notation

The micro data form the n x (4 + p) regression data matrix [y E X1, where
n>1 and p>1. The macro data form the m x (1 + p) regression data matrix
[u . Z 1, where m>1. Fori=1,...,p, the i'th macro regressor corresponds
to the i'th micro regressor. Designed and observed regressors are distinguish-
ed. There are pA > 0 designed and pO >0 observed regressors, where
pPap’=p; x=1x% x°7 and z=12%; 2°7.

For simplicity, in the general case of aggregation of units of analysis in 6.1
there are assumed to be no mixed regressors. A particular class of mixed re-
gressors will be admitted in the special case in 6.2.

The regressor and regressand aggregating functions are

s
o 20=gtxh)
20 mix©
H: u=T'y ,

where gA is a given matrix function and T is a given n x m matrix of constants.
As far as the regressand and the observed regressors are concerned, each macro
unit of analysis is a given linear function of the micro units of analysis. The func-

tion gA will be left unspecified, but is sometimes also linear; cf. 3.1.5.

Linear transformation of units of analysis includes cases that it may not be nat-
ural to call aggregations; cf. 3.1.5.
The micro and macro relations
O
& y=xt+x%% ¢, E(e)=0,
0.0
v u=2%"+72"6" vy, Em=0
are sometimes considered.

The semi-aggregated regressor matrix and its two submatrices are defined to

be as follows.
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The observed semi-aggregated regressor submatrix Xi is thus identical to the

O
observed macro regressor submatrix Z . The designed submatrices Xﬁ and ZA

may differ.

6.1.2 On the meaning of full subvector rank

The consistency problem refers to a set = of independent micro data vectors
x. As explained in 4.2.4, the vector x is a function of the observed semi-aggre-
gated regressor submatrix Xi . In aggregation of units of analysis, the latter
matrix is the function Xi = T'XO of the observed micro regressor submatrix
XO . The set = is specified to be of full subvector rank. The meaning of this
specification in terms of Xg is stated in 4.2.4. Its meaning in terms of the ob-
served micro regressor data XO is not immediately obvious.

To begin with, a particular set of matrices XO will be described. Next, the
corresponding set of matrices Xi will be shown to satisfy that part of the speci-

fication of = which refers to the first row vector of Xg . Finally, a generaliza-

tion will be indicated.

o! . (o) 0] (o) .
Let Z, be the first row p -vector of XA =7 . Let t1 be the first column
n-vector of T . Let ’c1 and XO be partitioned as follows.
1
X
o' .,,0 |y 1
zg =X =y ) | ’
XO
2
v . o O . .
where x, s the first row p -vector of X~. Without loss of generality, assume
that t,, #0.
Consider p + 1 different matrices
O'
X
1
X.;): b s h:1,...,p0+1
XO
2

which differ as to their first rows only. Assume that the vectors

o' (6]

(tixp), h=1,...,p +1
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O
are linearly independent. These row vectors form the (p +1) x (pO + 1) matrix

where j is the (pO + 1)-vector of unit elements.
1

Each matrix X}? implies a vector Z(i)h . Define zé = tleXS. Then

o) , o'
1 = ' '
) T (R 2

), h=1,...,po+1.
O O .
These row vectors form the (p~ +1) x (p~ + 1) matrix
i T=7071 iz 7
Livz d=Titt X +izg 1,
where j is as above.

Proposition 6.1.2

Notation and assumptions as in the text. In particular, tM # 0, and the
@) .
p +1 row vectors of [j | Xi 1 are linearly independent.

Then the pO +1 row vectors of []= Zij are linearly independent. [

I}
Assume the opposite! Then there exists a vector v # 0 such that v' [j! Zi 1=

=(0§0).Consequent1y,0=V'Z1:t V'X1+V'jZ'2:t v'X, . Thus since

11 11 1
tM #0, v' [ ! X1]= (Oi 0), and the row vectors of [J X1] are linearly de-
pendent contrary to assumption.

Thus the row vectors of [j i Z1 1 are linearly independent.

i

The demonstration does not require that z'2 #0 or ’c12 £0.

The reasoning is easily generalized. For any given j=1,..., m, a set M, of
observed micro regressor submatrices XO can be indicated such that the corJre—
sponding set of observed semi-aggregated regressor matrices X(A) satisfies that
part of the specification of = which refers to the j'th row vector of Xp- The

O
union of the sets M], implies a set of matrices XA of full subvector rank.

6.1.3 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are not

quite as stated in 4.2.3. There, H$® and ¥G express u as two different functions
(0]
A 1. In aggregation of units of analysis, H® and G instead express

<

oy
of [XA:X
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A

X

u as two different functions of [ X 1. The two relations are Ech(u) =

;O
OA

0.0 O
—aA+XABA and E\I/G(u)—-yD+XA6D where
- 1 Bgh
-
[ %A X
ol 7| o7 ’
| Ba L P
_ A B A
" ] g (X7)6
51 =106
-GD- - o

The following proposition answers the consistency problem.

Proposition 6.1.3

Consider linear transformation of units of analysis.
A necessary and sufficient condition for consistency to be attainable is as fol-
lows. The designed micro regressor submatrix XA and the associated micro

parameter subvector BA are such that
A A o
for at least one p~-vector §~. 3§

This is a special case of P.4.2.6. []

If there are no designed micro or macro regressors, consistency is always

attained by choosing 50 = BO. Cf. the end of 6.1.4.

6.1.4 An expectational interpretation

The micro model E (y) = XABA + XOBO implies the semi-aggregated micro

. 0,0 A _ A o__O
model EH§(u)_XABA+XABA’Where BA—B , and BA—B .
If the matrix C of auxiliary regression coefficients is partitioned conformably

04

Al and Z = [ZAE ZO], then because x© = ZO, C can always

. b
with X, = [ X)X "

be taken to be

cttlo
ST Reai bl I

CAO; IO

where IO is the unit matrix of order pO.
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The vectors ) and p are partitioned conformably with XA and Z, and the
subvectors are denoted accordingly.

The following proposition provides an expectational interpretation. There are
however no weight-sum relations for ) , because there is no matrix M such that

XAM= Z; cf. 4.4.6.

Proposition 6.1.4

Consider linear transformation of units of analysis. Let d be any vector of

1y 1
GLS(W) macro regression coefficients. Let [CAA ) CAO 1' be any matrix satis-
fying the normal equations of the GLS(W) auxiliary regressions of X‘i upon
rzhi2°7.

T 1
Let p be a p-vector such that p'd = /J,A ab + [J,O do is a unique macro coeffi-

cient function. Define the pA— and pO—Vectors

Then
L S © Ly S A S C L © B
Epp(Wd) =27 By +a" B =" 8"+x" B . ¢

This is a special case of P.4.4.3, except for the second equation which follows

A _ oA O: O
because BA—B and BA 7. O

If there are no designed micro or macro regressors, the interpretation is
simple, A\ =pu.

The results of 6.1.3 and 6.1.4 may be summed up as follows. In linear trans-
formation of units of analysis as delimited in 6.1.1, it is the designed regressors
that cause all the difficulties. Normally there is at least one designed micro and

macro regressor, the intercept regressor.

6.1.5 An example

There are n observations (yt s Xt)’ t=1,2,..., n, generated by the follow-

ing linear model.
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= + +
ypmotBx e,

= +
G T PE g T Wy

w =
E(w)=0,

2
E(wt):'rz,

W w)= =
E ( St) 0 unless s=t,

lp]<1.

The disturbances e follow a first order autoregressive scheme, whose para-
meter p is assumed to be known.

The data are transformed into n new observations (ut , Zt) as follows.

111=V1-p2yi )
=V1—p2X1,

ut = yt - Oyt—i )

2y

t=2,3,..., n.
BTN 7PNy
The intercept h and slope d of the common least-squares regression of u upon

z are interpreted as estimators as follows.

E(h):(i'p)a’
E(d)=B.

This procedure is recommended e.g. by Wonnacott and Wonnacott [1970], sec-
tion 16-4.

The procedure is tantamount to a linear transformation of the n micro units
of analysis into n macro units of analysis. The aggregating functions for the re-

gressand and for the observed regressor are u=T'y and z = T'x, where



2
/1-p 0 O0..... 0 0
-p 1 0..... 0 0
T' = 0 -p 1. 0 0
L 0 0 0..ouu -n 1J
A A

There is one designed regressor vector X~ =2" = jn

The semi-aggregated and macro regressor matrices are

r i \ T
/ 2! / 2
1 p: 1-p X1
1-p§ :’{2—‘3){1
XA=[T'jn T'x]= 1—pi Xs - p X,
|
|
i
Do
i 1-pi Xn pxn_'1
- : B
1 \/1-,[,2x1
i
15 XZ-pX'i
z=1i z]= 11: Xg - p X,
L
M
o
| 1; Xn“pxn-i_

Assume that the rank of Z is 2.

The 2 x 2 matrix of auxiliary regression coefficients is

CAA: 0

1

C= —-—-4|—— ,
_CAO' 1

A0

where CAA =1-pand ¢ =0, at least if n is large.
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By P.6.1.3, a necessary condition for consistency to be attainable is that for

some scalar GA
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Vi sA
TJna—Jné

Because of the first element of T'jn , consistency is not attainable.

By P.6.1.4, the macro intercept and slope are to be interpreted as follows.

_ 0A
EHé(h)—c o

A0

EHQ(d):C o+ B

The recommended interpretations are only approximately correct.

Consistency can be made attainable, and the recommended interpretations ;
exact, by either of two modifications of the procedure. The first alternative is to
omit the first macro unit of analysis. This wastes some information.

The second alternative is to exchange the macro intercept regressor jn for
another designed macro regressor (1 - p)_1 T'jn . This complicates the compu-

tation of h and d, but makes these BLUEs.

6.1.6 A special case: Weighted regression

Weighted least-squares regression is a special case of linear transformation
of units of analysis. A weight kj > 0 is associated with each micro unit,
j=1,..., n. Each micro unit is transformed into a macro unit. For simplicity,
let there be a single designed regressor, the intercept regressor. The micro
data are [y:: jng XO] .

Let K be the n x n diagonal matrix, and k the n-vector, whose j'th (diagonal)
elements are both k]_ ,j=1,..., n. The aggregating functions for observed var-
iables are

0 L0
[uiZ 1=K[y:X ].

The designed macro regressor vector is defined to be k. (Note that in general

k # jn .) The macro data are [u : k ' ZO 1. Since an =k, the semi-aggregated

micro regressor matrix [an - KXO 1 agrees with the macro regressor matrix.,

The matrix of auxiliary regression coefficients can always be taken to be C =1
Consider the consistency problem. The micro and macro parameters associ)at—

ed with the designed regressor are BA and 6A . By P.6.1.3, anecessary and
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sufficient condition for consistency to be attainable is that there exists a scalar

6A such that

anBA:kGA.

This is always the case; choose bA = BA .

Consider the interpretation problem. In spite of the consistency, there is no
simple model-free interpretation. Since C = Ip , the expectational interpretation
has A= U, i.e. EHcp(u'd) =u's.

When the micro relation & is a heteroskedastic linear model with disturbance
covariance matrix 02 K—2 , weighted regression provides BLUEs. One must not

forget to replace the intercept regressor by k, however.

6.2 Unweighted partitioned aggregation of non-designed units

6.2.1 Aggregation by summation: Definition and notation

Unweighted partitioned aggregation by summation of non-designed units of
analysis will now be defined; cf. 3.1.8. A variant, aggregation by averaging, is
introduced later, in 6.2.4 below. What was said in 6.1.1 - 6.1.4 is modified as
follows.

The n micro units are partitioned into m disjoint, exhaustive subsets. For
h=1,..., m, the h'th macro unit is formed from the nh > 1 members of the
h'th subset. The regressand and the pO > 0 observed regressors are aggregated
by summation over the n micro units. There are pM > 0 repetitive mixed re-
gressors. These are constant across the members of any given subset of micro
units. Their values for the h'th macro unit are equal to those for any member of
the h'th subset of micro units. Finally, there is at most a single designed regres-
sor, the micro and macro intercept regressor.

The micro and macro regression data matrices are denoted

MY O
(ypj 1 X1 X771,

raij i zMiz%7.
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The subvectors of B, X\, §, y associated with the three subsets of regressors

are denoted BA R BM s BO , and so on.

Forh=1,..., m, let Lh denote the nh—vector of unit elements. Define
r.
0 0 ]
0 1:2 ...... 0
T= .
_0 0 ...... lmJ

The n x m transformation matrix T is block-diagonal.
In aggregation by summation, the aggregating functions for purely observed
variables are
) 1 O
[uiZ2 ]=T'[y X 1.
The repetitive mixed regressors satisfy the ""converse' relation
XM = TZM .

The basic observed regressor data are ZM and XO; cf. 3.1.8.

Finally, let N be the m x m diagonal matrix, whose h'th diagonal element is

nh,h=1,..., m . Note that N=T'T.

6.2.2 The consistency problem

In aggregation by summation, the semi-aggregated micro and semi-disaggre-

gated macro relations are

_ s gh M. M 100
EHcI)(u) T]nB +NZ7B T +T'X7B ",

. AL MM, ,.,.00
E\I/G(u)~3m6 +Z76 +T'X6 .

] 1
Let uh, z}lz/l and Z}? denote the h'th element and row vectors of u, ZM and

O
ZO =T'X" . The two m-vector equations H& and ¥G consist of the following m

pairs of scalar equations, h=1,..., m.
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A M M. 0'.0
Epgy) =B g (g By 7 B,
A, MM 0" O

E\IJG(uh)_G 2, ) 2 6.

The following proposition answers the consistency problem.

Proposition 6.2.2

Consider unweighted partitioned aggregation by summation of non-designed
units of analysis.

Consistency is always attainable if either or both of (i) and (ii) is true, and
never otherwise.

M
(i) There is no intercept, and p =0.

e}

(i1) n1=n2=...:nm. °
Analogously with the demonstration of P.4.2.6, the aggregation is consistent
if and only if forh=1,..., m
TS BV
n B = 6
e o
p 6

This can be achieved by an appropriate choice of § if and only if (i) or (ii) is true,

or both. O

The consistency conditions of P.6.2.2 are in effect not restrictions on the

micro parameters.

6.2.3 An expectational interpretation

In aggregation by summation, the semi-aggregated micro relation is

s oM | O
E =[T'_ !Nz |T'X 1B,
He™ = [Th [Nz 18

i.e. BA = B, while the macro regressor data are Um‘: VA : Z~ 1. The matrix
I [

of GLS(W) auxiliary regression coefficients is

1
CAA CMA 0
C= cAM CMM 0 s
AO MO O
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o .

where I is the unit matrix of order p~ . The following proposition provides an

expectational interpretation. As in 6.1.4 there are no weight-sum relations.
Proposition 6.2.3

Consider unweighted partitioned aggregation by summation of non-designed
units of analysis.

If u'd is a unique macro coefficient function, then

M' M O M' M
EHé(uAdAﬂhu T

969,
where
30 CAAMA+CAM'MM+CA 'uO
M| - CMAuA . CMM‘uM . CMO'uO 0
xo 0

o
This is a special case of P.4.4.3. 0
This proposition is not particularly illuminating.

Now consider the special case where

=n = - _=_1

n=n,=...=n =n=—
— M _

Then T'j =nj_ , NZ :nZM

CAA

,and T'X" =7Z . Thus C is block-diagonal,

=7, and CMM ='ﬁll\/[, where IM is the unit matrix of order p . Conse-
quently ) in P.6.2.3 is as follows.

In spite of the consistency demonstrated in P.6.2.2, and in spite of the simplici-

ty of the expectational interpretation, there is no simple model-free interpreta-
tion.
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6.2.4 An alternative: Aggregation by averaging

Unweighted partitioned aggregation by averaging of non-designed units of anal-

ysis will now be briefly discussed. The notation is as in 6.2.1. Note that

- -1
N1y = ama NTTIT =1 .
n m m

In aggregation by averaging, the regressand aggregating function is
H:u= N—iT‘y . The aggregating function for observed regressors is similar, and
the designed and mixed regressors can also be taken to be aggregated in the same
way. In summary

M

7 O

-1
Z 1=N

M! _O
X})

m

T Iylj i X
[y:Jnl

[uij

1
'
i
¢

where the relation XM = TZM is used.

The semi-aggregated micro and semi-disaggregated macro relations are

A MM -4, 0.0
= Z +N T'X
Ean(u) JmB + B B,
A .MM -1_,.0.0
o = + X .
gcW =iy 8 26 F N TIXTS

The macro and semi-aggregated micro regressor matrices are identical, Z = XA .

Further, BA =8.

Proposition 6.2.4

Consider unweighted partitioned aggregation by averaging of non-designed
units of analysis.
(i) Consistency is always attainable.

(ii) If u'd is a unique macro coefficient function, then

[¢]

! — ! — !
EHé(ﬂd) MBA pd. 3

(i) P.4.2.6 applies. Consistency is attained by choosing 6§ = 8.

(ii) P.4.4.3 applies. Since XA =7, one can put C = Ip. Further, BA =B. O

In spite of the consistency, and in spite of the simplicity of the expectational
interpretation, there is no simple model-free interpretation; but cf. 6.4.3.
Less formal statements essentially equivalent to P.6.2.4 are found in Prais

and Aitchison [19547.
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6.3 Aggregation of sets of units

6.3.1 Definition and notation

There are one regressand and p regressors. There are k > 2 disjoint micro
sets of units of analysis. The data for the h'th set of ny > 1 units form the
ny x (1 +p) regression data matrix [yh ; Xh 1, h=1,..., k. There is one
macro set of units of analysis. The data for the macro set of n units form the
n x (1 +p) regression data matrix [ui zZ1.

The regressand and regressor aggregating functions are as follows.

H, G:[u; Z1= yh

The macro set of units is the union of the micro sets of units, and

= + tooot H . 3.1.0.
n=n, +n, nk,cf316

The micro and macro relations
&y =X e E(g)=0, h=1,...,k,
¥: u =Z06+n; E(n)=20

are sometimes considered.

The semi-aggregated regressor matrix is defined as follows,

(X1 ..... 0 ... 0

XA— 0 ..... X.h ..... 0 s
0 ..... 0 .....
L XkJ
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i.e. as the n x kp block-diagonal arrangement of the micro regressor matrices.
The total micro parameter vector is the kp-vector B = ( B'i' .o B}'l. .. Bl'{)' as in

4.1.2, Defining y = u, the micro relation can be written
: E =X .
g E()=X,B

. . O P
Sometimes pA > 0 designed and p > 0 observed regressors are distinguish-
O
ed, where pA +p =p. The micro and macro regressor matrices and parameter

vectors are partitioned éccordingly, as follows.
. _ wheh 0.0 B
g: E(y)=XB +X B, b=1,...,k,

v E(u) =288 +2%° .

Analogously with X A and B, define

-

1 t 1 O O
and BA= (Bf Bﬁ ....Bﬁ)' , and similarly XA and £ . In terms of these,

the micro relation can be written
A oA 0.0
: E =X + X .
3 ) AB A B

A

o) O
The orders of XA and X, are n x kpA and n x kp

A
Finally, define the kp x p matrix,

L=[1 1 ....... 17

and the analogous kpA x pA and pr x pO matrices LA and LO . The aggregat-

ing functions can be reformulated
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Also, ZA:X}A\LA, and zozxiLO .

The reformulation {G*, H*} transforms aggregation of sets of units into,

formally, a special kind of aggregation of regressors.

6.3.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are

Ech(u) =0, +X2 Bi and E\]‘/G(u) =7 +X258, where
—a/A' —XﬁBA
o] e

The following proposition answers the consistency problem.

Proposition 6.3.2

Consider aggregation of sets of units of analysis.
A necessary and sufficient condition for consistency to be attainable is that
statements (i) and (ii) are true.

If the rank of every )Sf is pA , statements (ii*) and (ii) are equivalent.

o 0=82=..... - p

(i) The designed regressor data and associated micro parameters are such

that

_
-
=
*
-~
w
= >
1
w
N >
1l
]
W
>
oo
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This is a special case of P.4.2.6 or of P.5.1.2, whose statement (i):

0O 0
BO =L § has been broken into k parts, while statement (ii) has been retained.
. . Db _ A A _ A
Eguatlons (;1) say that Xh Bh = Xh 5~ for h=1,..., k. If the rank of an Xh
is p~, that Xh can be "divided out'. O

6.3.3 A model-free interpretation

Throughout 6.3.3., the n x n matrix W is restricted to be block—diagonal as

follows. For h=1,..., k, let W, be a positive-definite nh x n_h matrix. Define

W as the block-diagonal arrangement

W, ... 0 ...,
W, 0
W= 0 ..... W ..... 0
0 ..... 0 ... ij
The matrix W is positive-definite.
Forh=1,..., k, let bh be any p-vector satisfying the normal equations

. - P . . ion. Defi
thhxhbh thhyh or the h'th (GLS(Wh)) micro regression. Define the total

micro coefficient vector b of order kp as follows,

— 1 1 1
b=(bj....bl ....b

i.e. analogously with the total micro parameter vector B of 4.41.2. The k micro

normal equation systems can be written jointly

Xl - )
L WK, b= X, Wy

The block-diagonality of W is essential here. The situation differs from that in

Zellner [1962a], where the point is that W is not block-diagonal.

The p < kp matrix of GLS(W) auxiliary regression coefficients will be parti-

tioned C:[Ci....Ch

....C

conformably with the columns of XA . The aux-

iliary normal equation system Z'WZC = Z'WXA can be decomposed as follows.
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k
' — ! =
(5 XWX )C, =X WX, h=1,...k

The block-diagonality of W is essential here too.
The macro regression data [u : Z 7 and the semi-aggregate regression data

[u : XA] are related by the equation XAL =Z.

The semi-aggregate regression data [u DX 7 and the total set of micro re-

gression data [yf XA 1 are identical. Thus any vector bA of GLS(W) semi-

aggregate regression coefficients is also a total micro coefficient vector b,
where bh is GLS(Wh), h=1,..., k, and conversely; cf. 4.3.6.
The following proposition provides a model-free interpretation.

Proposition 6.3.3

Consider aggregation of sets of units of analysis. Let the matrix W be block-
diagonal conformably with XA . Let d, bA and b be any vectors of GLS(W)
macro, semi-aggregate, and total micro regression coefficients. Let C be any
matrix of GLS(W) auxiliary regression coefficients.

Let u be a p-vector such that y'd is a unique macro coefficient function. De-

fine the kp-vector X\ = C'y with subvectors >‘h = C}'llJ of order p. Then:
k
; 1y — ! - '
M wdEATh, =T by
k

e A

This is a special case of P.4.3.4 or of P.5.1.3. The second equation of (i)
follows because bA =b, and b has the subvectors bh . Equation (ii) is a refor-

mulation of L'\ =p. 0O

In the terms of 4.3.2, this model-free interpretation chooses Qh = Wh ,
h=1,..., k. The block-diagonality of W is essential. For another model-free
interpretation see 6.4.2.

If the rank of Z is p, all macro and auxiliary coefficients d and C are unique.

Then by P.6.3.3, d=2C bh , where ZCh =1 . Any macro coefficient is a weight-
P

h
ed sum of all micro coefficients. Group the kp micro coefficients into p families,
each associated with a separate regressor. The sum of the weights for any one
family is zero, with one exception. The sum of the weights of the corresponding

family of k micro coefficients is unity.
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A similar model-free interpretation is given in Klevmarken [1972] section
5.1.3.3, for aggregation of sets with partly different regressors, and under
linear constraints.

That a unique macro coefficient need not fall between the smallest and largest
corresponding micro coefficients is shown by an example in Larson and Barr

[19721.

6.3.4 An expectational interpretation

In 6.3.4, the matrix W need not be block-diagonal.

The micro models & imply the semi-aggregated micro relation EHé(u) =
=X =B. X =Z.

ABA’ where BA B. As before, AL Z

The following proposition provides an expectational interpretation.

Proposition 6.3.4

Consider aggregation of sets of units of analysis. Let d be any vector of
GLS(W) macro regression coefficients. Let C be any matrix of GLS(W) auxiliary
regression coefficients.

Let y be a p-vector such that y'd is a unique macro coefficient function. De-
fine the kp-vector ) = C'y with subvectors Xh = C}'lu of order p. Then:

k
M) By () =X'By = T8
k

(i) I =H S

This is a special case of P.4.4.3 or of P.5.1.4. The second equation of (i)
follows because BA =B, and B has the subvectors 6h . Equation (ii) is a refor-

mulation of L'x=p. O

If W is block-diagonal as in 6.3.3, then the implied micro parameter functions
x}'l Bh in P.6.3.4 have the same weight vectors )Lh as the implied micro coeffi-

cient functions x}']bh in P.6.3.3; cf. 4.4.5.

6.3.5 A special case: Individual micro models

A special case of aggregation of sets of units occurs when each unit of

analysis has its own incomplete linear model with parameter vector Bh , i.e.
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ny=....=n = 1. For simplicity, assume that the only designed regressor is
the intercept regressor. Then by P.6.3.2 consistency is attainable if and only if
all Bh are equal, i.e. there is a single incomplete linear model common to all
units of analysis.

Model-free interpretation by P.6.3.3 is hardly of interest here, for when

n = 1 and p » 2 every b, is underdetermined. An expectational interpretation

h
is always provided by P.6.3.4. Such an interpretation is derived for the case

where d is unique and W = In by Zellner [1962b].

6.4 A model-free interpretation in deviation form regression

6.4.1 Two fundamental relations

Section 6.4 is based on 2.5.4 above. Please read 2.5.4 again! The block-
diagonality of the matrix Q is essential.
The following abbreviated notation is introduced for the p x p deviation form

moment matrices.

My = (X-j X)'Q(X-j x),
Myp = (% = 550" Q (X -4 %) 5 b=ty m,
My = (X-j x")'Q(X-j x)

By P.2.5.4, My =My, +....+ My +Mg.

The p variables are partitioned into q = p - 1 regressors and one regressand,

indicated by the symbols x and y . The moment matrices are partitioned accord-

ingly,
M MY
M= T T
i
MM
T T

d similarly for M .
and similarly for Wh and MB

Consider the following m + 2 regressions, all in deviation form in the sense

of 2.5.2.
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The normal equations of the GLS(Q) total regression are

XX Xy
MT bT MT ’
where bT is the g-vector of total regression (slope) coefficients.
For h=1,..., m, the normal equations of the GLS(Qh) regression within the

h'th subset are

XX Xy
Mth =M

where bh is the g-vector of regression (slope) coefficients within the h'th subset.

The normal equations of the GLS(@) regression between subsets are

XX, _ Xy
MB bB MB ’

where bB is the g-vector of regression (slope) coefficients between subsets.
The regression between subsets treats the m subsets as units of analysis. The

data for each subset are formed from those of the nh member units by averag-

ing in the sense of 6.2.4.

By P.2.5.4, _
m
Xy Xy XY
= +
MT hzz'i MWh MB

By substitution of the m + 2 systems of normal equations,

m
XX XX XX
(R)  Mpbp = 2y My by + Mpby

Further, by P.2.5.4,

m
XX XX XX
G)  Mpo= 3y My, + My

The fundamental relation (R) holds for any g-vectors bT s bh , bB satisfying the
respective normal equations systems. The fundamental relation (S) may be called
a set of weight-sum relations.

Two special cases are of interest. In the first special case, Q= In , so that
all Qh are also unit matrices. The total and within-subsets regressions are by
common least-squares. The between-subsets regression is by weighted least-

squares. The weight in MB of the h'th subset is n -

In the second special case, 6 = Im , and all Qh are scalar matrices. The



between-subsets and within-subsets regressions are by common least-squares.
The total regression is by weighted least-squares. The weight in MT of each

-1
member of the h'th subset is no.

6.4.2 Aggregation of sets

In aggregation of sets of units, the macro coefficients are the deviation form
total regression coefficients bT . If these are unique, the following proposition
provides a kind of a model-free interpretation. Not only micro terms are involv-

ed.

Proposition 6.4.2

Consider aggregation of sets of units. Let Q, Qh and 6 be as in 2.5.4. As-
sume that the rank of the total regressor moment matrix M,)lix is q.

Let bT be the q-vector of GLS(Q) total regression coefficients. Fér
h=1,..., m, let bh be any g-vector of coefficients in the GLS(Qh) regression
within the h'th subset. Let bB be any g-vector of coefficients in the GLS(Q) re-
gression between subsets.

Let )‘T be any gq-vector. Define the g-vectors

-1

XX XX
XhiMWh(MT) XT 2 hdiat":ma

A = Mis (2

B B T

Then:

(i) )‘},1 bh ,h=1,..., m, and )\33 bB are unique coefficient functions in the

respective regressions.

m
(M) Apbp = 3 by FApby
m
, _ o]
(D 2y TAgTAp oo

The vectors ), and )_ are unique, and are in the row spaces of M and
h B d Wh

M’];x, respectively. By P.2.1.2.A and P.2.2.4.A this implies (i).
xx)—i

If (R) and (S) of 6.4.1 are premultiplied by 1,‘1, (MT , the outcome is equa-

tions (ii) and (iii). O
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6.4.3 Partitioned aggregation by averaging of units

In partitioned aggregation by averaging of units of analysis, the macro coeffi-
cients are the coefficients bB in the deviation form regression between subsets.
If these are unique, the following proposition provides a kind of a model-free in-

terpretation. Not only micro terms are involved.

Proposition 6.4.3

Consider partitioned aggregation by averaging of units of analysis. Let Q, Qh ,
and 6 be as in 2.5.4. Assume that the rank of the between subsets regressor
moment matrix MEX is q.

Let bB be the g-vector of coefficients in the GLS(a) regression between sub-
sets. Forh=1,..., m, let bh be any g-vector of coefficients in the GLS(Qh)
regression within the h'th subset. Let bT be any g-vector of GLS(Q) total regres-
sion coefficients.

Let AB be any g-vector. Define the g-vectors
)—1 h=1,...,m ,

_ XX XX
Xh_-MWh(MB XB )

_ xx _ xx -1
XT— MT (MB) )\B

Then:
(i) )\}'] bh ,h=1,..., m, and )\,'r bT are unique coefficient functions in the
respective regressions.

m
2 1 — | 1
() Agbg =2 N by FAL DL

m

+ _ °

(W 3 dy FAp =g °

The vectors )‘h and XT are unique, and are in the row spaces of M?VXh and

M?‘, respectively. By P.2.1.2.A and P.2.2.4.A this implies (i).

-1
If (R) and (S) of 6.4.1 are premultiplied by )\i% (M)];X) , the outcome is equa-

tions (ii) and (iii). O
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6.4.4 On analogous expectational interpretations

Consider an attempt to establish an expectational interpretation for aggrega-
tion of sets of units, analogous to the model-free interpretation of 6.4.2. The
following m + 1 incomplete linear micro models must then be assumed. A model
& with parameter vector Bh is valid for the n members of the h'th subset of
units. This is soforh=1,..., m. A model <1>B with parameter vector BB is
valid for the m subsets, when these are treated as units of analysis in the regres-
sion between subsets.

As a rule, these assumptions are not mutually consistent. In the regression
between subsets, the h'th subset is represented by data obtained from its n
members by averaging. Therefore by the reasoning in 6.2.4, the model <1>h is
valid for the h'th subset average. On the other hand, the model @B is also as-

sumed to be valid. By the reasoning in 6.3.2, inconsistency is avoided only if
Bi=...: Bm: BB.

Consider also an attempt to establish an expectational interpretation for par-
titioned unweighted aggregation by averaging of non-designed units of analysis,
analogous to the model-free interpretation of 6.4.3. The following m + 1 incom-
plete linear micro models must then be assumed. A model zﬁh with parameter
vector Bh is valid for the n members of the h'th subset of units. This is so for
h=1,..., m. A model @T with parameters BT is valid for all the n units of
analysis.

As a rule, these assumptions are not mutually consistent. By the reasoning

in6.3.2, i i i i i =...= =B..
in 6.3.2, inconsistency is avoided only if Bi Bm BT
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7 A FORMAL ANALYSIS:
AGGREGATION OF ASPECTS

7.1 General aggregation of regressands and regressors

7.1.1 Definition and notation

There are n units of analysis. The micro data form the k > 2 regression data
matrices [yi Xi] of orders n x (1 +pi)’ i=1,..., k. The union of the k sets
of micro regressors forms the n x p total micro regressor matrix X, and the
k micro regressands form the n x k micro regressand matrix Y; cf. 5.3.1.
The macro data form the n x (1 + q) regression data matrix [u . Z7.

The regressor and regressand aggregating functions are
G: Z =XG ,
H: u =Yh ,
where G is a given p x q matrix of constants, and h is a given k-vector of con-
stants; cf. 5.1.41 and 5.3.1.
General aggregation of regressands and regressors includes cases that it may

not be natural to call aggregations; cf. 3.2.4.

The micro and macro relations
: =XB +e; E =0; i=1,...,k ,
& y iﬁi i3 (e)=0;5 1
v: u=20+n; E(n)=0

are sometimes considered. Alternatively, the k micro models are written jointly

&: E(Y)=XB*,

where the augmented micro parameter p x k matrix B* and its column vectors
* . .
Bi are defined as in 5.3.1.
Designed and observed micro and macro regressors are sometimes distin-

guished. The regressor aggregating function becomes

A

a: rzbiz%1=1x D S T Bt

The joint micro relations and the macro relation become
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x0p*d . xOp*0

&:  E(Y)

7062 + 7960

¥ E(u)

Cf. 5.1.1 and 5.3.1, respectively.
The semi-aggregated regressor matrix and its designed and observed sub-
matrices are defined to be identical to the total micro regressor matrix and its
A LO

. A O
submatrices, XA:[XA:.XA]:[X ;X 1=X.

7.1.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are

0.0 0.0
= + =
EH:I:(u) N XABA and E_ _ (u) b +XA6D , wWhere

G

EN M xbp*ly

o] [0 |

" ] rx(alsl + aTe°)
EI I

cf. 5.3.2 and 5.1.2 respectively. The following proposition answers the consist-

ency problem.

Propositon 7.1.2

Consider general aggregation of regressands and regressors.

A necessary and sufficient condition for consistency to be attainable is that the
following two statements are both true.

(i) The total micro parameter submatrix B*O associated with observed re-
gressors is such that

50y = 040

O O
for at least one q -vector §
(ii) The designed total micro regressor submatrix XA and the associated

O . .
total micro parameter submatrix B*A are such that, for some § satisfying (i),
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xBp* iy = x2 (ale? + 6T6°)

A

Q

for at least one g~ -vector E)A . by

This is a special case of P.4.2.6. O

Statement (i) taken alone is a necessary condition for consistency to be attain-

o
able. In particular, if h = jk’ then B*7j = ZBi*O must be in the column space

of GO.

k

7.1.3 An expectational interpretation

The micro models E (Y) = XB* imply the semi-aggregated micro model

= W = = *h . = K
EH@(u) XABA, where XA X and BA B h; cf. 5.3.3. Further, XAG Z

cf. 5.1.4.

For any p-vector @, let ei be the subvector corresponding to the micro re-
gressor subset included in Xi; cf. 5.3.3. Let hi be the i'th element of h . The

following proposition provides an expectational interpretation.

Proposition 7.1.3

Consider general aggregation of regressands and regressors. Let d be any
vector of GLS(W) macro regression coefficients. Let C be any matrix of GLS(W)
auxiliary regression coefficients.

Let u be a q-vector such that y'd is a unique macro coefficient function. De-
fine the p-vector 6 = C'y. For i=1,..., k, define the pi-vector )\i = hiei .

Then:

k

(i) Eqgu'd)=28'8, = FA/8

i) G'e=p. g
This is a special case of P.4.4.3, except for the second equation of (i), which
follows since §'8, = 8'B*h=Th §'B  =Th e'B . O
A i7 i ifii

In particular, if h = then )‘i: 91’ i=1,..., k.

I
k
Except for special cases such as when Xi = X for every i, there is no simple

model-free interpretation.
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7.2 Unweighted simple aggregation of aspects

7.2.1 Definition and notation

Unweighted simple aggregation of aspects will now be defined. As a prelimi-
nary, please read 3.2.1 - 3.2.2 again! What was said in 7.1. applies, and is
specialized as follows.

There are n units of analysis and k > 2 aspects. The micro and macro data
form k + 1 similarly partitioned n x (1 +p + q) regression data matrices
Pon L C

[y X xﬁ], h=1,..., k ,
zs]

[uizhiz”

3

. _C .
where [XA; X" 1] and [ZAi ZC] correspond to XC and ZC of 3.2.1.

There are pA > 0 designed and pC > 0 observed micro regressors XA and
XC common to the aspects, and pA + pC =p. There are q > 0 observed micro
regressors X: specific to each aspect h=1,..., k, and p +q=> 1. For sim-
plicity, there are no designed specific regressors. Cf. Figure 3.2.1.

The micro regressand vectors yh , ordered h=1,..., k, form the micro
regressand n x k matrix Y. For each i=1,..., q proceed as follows. Select
the (p +1i)'th regressor vector from each micro regression data matrix. Order
these h=1,..., k to form the i'th specific micro regressor n x k submatrix

X;+i . The total micro regressor matrix is

H—
'X :Xp+1

*
—

of order n x {p +kq). Cf. Figure 3.2.2.
The column vectors of the n x ¢ macro regressor submatrix ZS will be de-

A and IC denote the unit matrices of orders pL\‘

S

noted z ., i=1,...q. Let I
ptl

and p . As usual, let jk denote the k-vector of unit elements. The regressor and

regressand aggregating functions are as follows.
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AV _CL S S B
G [Z°.Z 'Zp+i: ..... ! zp+qJ—
:
0 o .0
0 IC 0 ..... 0
— A Clox i * 4 .
tX P X :Xp+1: ..... ; Xp+qJ 0 0 Jig oo 0|
_0 0 0 ..... JkJ
H: u=Y}k.

The transformation (p +kq) x (p +q) matrix of G is block-diagonal. Each of the
last q diagonal blocks is jk . Cf. 5.2.1and 5.3.1.

For brevity, the regressor aggregating function can be written
G: Z=X"G,

where Z is the macro regressor matrix and G the transformation matrix.

The micro and macro relations
ALA c.C S.S
: =X + + € = =
& yh XBh XBh+XhBh h,E(eh) 0, h=1, , kK,

: u =ZA6A+ZCGC+Z868+T), E(n)y=20

are sometimes considered. Alternatively, the k micro models are expressed

jointly in terms of the total micro regressor matrix as follows.

L ¥ I
g EM=[xPixX7IxX* L X

There are g + 2 micro parameter submatrices. The pA x k matrix BA consists
A

of the p~-vectors Bﬁ ordered h=1,..., k. The pC x kK matrix BC consists of
the pC-VeCtOI‘S B}(l: ordered h=1,...; k. Each of the k x k matrices B;+i ,

i=1,..., q, is diagonal. For h=1,..., k, the h'th diagonal element of B*+i
p



S
is the i'th element of Bh . The (p+kq) x k parameter matrix in & is an augmented

micro parameter matrix in the sense of 5.3.1.

For brevity, the micro relations can be written
&: EM=X*B ,

where B is the total (augmented) micro parameter matrix.

For later purposes define

* =B* i=1,..., q

pHi p+i ko
Since B is diagonal, B*  is its main diagonal k-vector,
+1 pHi
The semi-aggregated micro regressor matrix is defined to be identical to the

total micro regressor matrix, XA =X*, Partitioning,

A

X5 =X",

> >

C] * | | %
=[X:X [ X 1

X .
p+1 ' ' ptq

»> O

The matrix of auxiliary regression coefficients can always be taken to be as

follows, where Ip is the unit matrix of order p = pA +p

B T c 1
j 1 q
] t
oo O CM ..... ?qi
0 v, c!
i 1q aq |

The submatrices c' r are row k-vectors. Cf. 5.2.1.

7.2.2 The consistency problem

The semi-aggregated micro and semi-disaggregated macro relations are
0,0 0.0 S
= + X = + . i=1,... -
EHé(u) o, ABA and E\I/G(u) Y5 XAGD For i , , g, let 6p+i de

note the i'th element of § . Then
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ol [ eaes, |
OIA X"B I
-
B ]k
. *
BO - Bp+1
A .
.*
J Bp+q
- _
i Agh ]
| | XY
C
6
_ | &S
Ko = ke
D .
.S
L, | _]k6p+q ]

Cf. 5.3.2 and 5.2.2. The following proposition answers the consistency problem.

Proposition 7.2.2

Consider unweighted simple aggregation of aspects.

A necessary and sufficient condition for consistency to be attainable is that

This is a special case of P.7.1.2. Some parts of the condition stated there

are automatically fulfilled, and have been omitted. The critical pért is the re-

quirement that for i=1,..., g the total micro parametér subvector SI:H is such
that

%ﬁ:kﬁﬂ
for some scalar 6}S)+i . This is so if and oniy if the i'th elements of Bj, e, BE
are all equal. The argument is repeated for i=1,..., q d

The consistency condition can be formulated in words. For any given
i=1,..., q, the following must be true. The micro parameters associated with
the (p + i)'th micro regressors specific to the k aspects are all equal. The micro

parameters associated with regressors common to the aspects, e.g. the inter-
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cepts, are not restricted. The k micro models are parallel hyperplanes in the

space of the regressand and the g specific regressors.

7.2.3 An expectational interpretation

The micro models E (Y) = X*B imply the semi-aggregated micro model
_ _ *
EHq:(u)—XABA,Where XA—X and

Ik

L _.
Forr=1,..., p, let the r'th element of BA be denoted Zﬁhr , where the sum
is over h = 1%1,..., k. Further, XAG: Z .

Expectational interpretations will be given for two kinds of macro regression
coefficients; cf. 5.2.3. The first kind, d}s)+r , r=1,..., q, is associated with a

macro regressor that is the sum of k micro regressors specific to the aspects.

Propositien 7.2.3.A
Consider unweighted simple aggregation of aspects. Let d be any vector of

GLS(W) macro regression coefficients. Let C be any matrix of GLS(W) auxiliary

regression coefficients.

S
If derr is a unique coefficient function in the macro regression, then

s 9, o«
(dp+r) _1:21 cir Bp~)—i

’

M) By,

1 if i=r

oo

(ii) jLe. =
ki Lo if i#r.
As in the demonstration of P.5.2.3.A, dS =p' d, and ) =C'y is
p+r  "pir ptr pr
the (p + r)'th row vector of C.

The proposition is a special case of P.7.1.3, except that €' BA is not explicit-

ly decomposed into k implied micro parameter functions. [
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C
The second kind of macro regression coefficient, dr , r=1,..., p, is asso-
ciated with a designed or observed regressor common to the aspects. For

i=1,..., q, let ci'r denote the r'th row vector of the submatrix Ci of C.

Proposition 7.2.3.B

The same assumptions as in P.7.2.3.A.
C
If dr is a unique coefficient function in the macro regression, the

k q
i E. (aC)=.5. B +.3 c' B
M H{>( r) h=1"hr i=1 “ir pH ’

(ii) j}::Cir:O’ i=1,...,q . e

C
As in the demonstration of P.5.2.3.B, dr =u'd, and >‘r = C'pr is the r'th
T
row vector of C.

The same argument as for P.7.2.3.A. O

The expectational interpretation can be formulated in words. The micro ex-
pectation of a unique macro coefficient dr , r=1,..., pt+q, is the sum of
p +q terms. Each of the first p terms is a weight times the sum of the k micro
parameters associated with a regressor common to the aspects. If i =r, the i'th
weight is unity, otherwise zero. Each of the other q terms is a weighted sum of
the k micro parameters associated with a set of corresponding micro regressors
specific to the aspects. If p +i=r, the i'th weight sum is unity, otherwise zero.
Cf. 5.2.3.

As a rule, there are no analogous model-free interpretations.

A simple and instructive demonstration of a somewhat simplified version of

P.7.2.3.A and P.7.2.3B is given by Kloek [1961].

7.2.4 A model-free interpretation in deviation form

Consider unweighted simple aggregation of aspects where p = 1, and the sin-
gle common regressor is the intercept regressor. Consider a unique intercept-
free coefficient function p'd in the GLS(In) macro regression. Then u'd can be
computed from the deviation form macro regression, and interpreted in two
steps as follows. Not only micro terms are involved.

Recall the analysis of 3.2.3, especially Figure 3.2.3. In the terminology of
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6.4.1, the macro regression is the regression between units in the figure.

First, if the macro regression is of full rank, then P.6.4.3 interprets it in
terms of the n regressions within units and the total regression. Second, if the
total regression is of full rank, then P.6.4.2 interprets it in terms of the k re-
gressions within aspects (i.e. the micro regressions) and the regression between
aspects. The distinction between partitioned aggregation of units by summation
and by averaging causes no complications.

The suggested interpretation is model-free but hardly useful.

7.2.5 Analysis in terms of regressands and regressors

Unweighted simple aggregation of aspects can be decomposed into two consec-
utive steps as follows; cf. 3.2.2.
The first step starts from the micro data [ Y 551 X* 7 and performs an unweight-

ed aggregation of regressands u = ij producing the intermediate data [‘1. X*1,

The second step starts from the intermediate data [u : X* 7 and performs an
unweighted partitioned aggregation of regressors Z = X*G producing the macro
data [u ' Z7.

In the first step, consistency is easily achieved; cf. P.5.3.2. The joint micro

models E (Y) = X*B imply the intermediate model E (u) = X*BA , where the inter-

mediate parameter vector BA = Bjk is as in 7.2.3.

In the second step, consistency is not automatic. Since the second step is a
partitioned aggregation of regressors, P.7.2.2 is a special case of P.5.2.2.

The expectational interpretation in 7.2.3 is primarily in terms of the inter-
mediate parameter vector BA . Since the second step is a partitioned aggregation
of regressors, P.7.2.3.A and P.7.2.3.B are special cases of P.5.2.3.A and
P.5.2.3.B.

An analogous model-free interpretation would be primarily in terms of an
intermediate coefficient function in the regression of u upon X*. Since the first
step is an aggregation of regressands, such an interpretation could not be brought

further; cf. 5.3.3 and 4.3.6.



161

7.2.6 The connection with Theil’s analysis

Unweighted simple aggregation of aspects is more general than "Aggregation
over one set of individuals'', but less general than ""Aggregation over several
sets of individuals or commodities", as defined by Theil [1954]. Let the latter
be simplified as follows, in Theil’s notation. For some ), H)\ = 1. For the other
X, H)\ =1, and it is known that Bxh,i = 0 except when i =h. The outcome of the
simplification is unweighted simple aggregation of aspects.

If Theil [19547 Theorem 9(ii) is simplified as just indicated, the outcome is
P.7.2.2. If Theil [1954] Theorem 2 is similarly simplified, the outcome is
P.7.2.3.A and P.7.2.3.B, except that Theil distinguishes explicitly only one
micro regressor common to the aspects, the intercept regressor; cf. 5.2.4.

In Theil’s terminology, the intermediate parameters BA = Bjk are "derived

microparameters’'.
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8 A FORMAL ANALYSIS:
DISCUSSION AND SOME CONCLUSIONS

8.1 The nature of the macro relation derived by Theil

8.1.1 A summary of the formal analysis

The formal analysis is now concluded. It has been concerned with two prob-

lems and five types of linear aggregation.

The consistency problem was formulated in 4.2, especially 4.2.7. An answer

has been provided for each type and variant of aggregation considered.

The interpretation problem has occurred in two variants. The model-free in-

terpretation was introduced in 4.3., especially 4.3.6. Simple model-free inter-
pretations have been provided for two sub-types of aggregation only. One is par-
titioned aggregation of regressors, P.5.2.3.A and P.5.2.3.B. The other one is
aggregation of sets of units when the macro GLS matrix W is block-diagonal,
P.6.3.3. The model-free interpretations suggested in 6.4 and 7.2.4 are not ex-
clusively in micro terms.

The expectational interpretation was introduced in 4.4, especially 4.4.4. An

expectational interpretation has been provided for each type and variant of aggre-
gation considered. The weights of the implied micro parameter function(s) were
often found to be subject to simple weight-sum relations.

The following summary considers six sub-types of linear aggregation. First,
unweighted partitioned aggregation of regressors, 5.2. Second, aggregation of
regressands, 5.3. Third, unweighted partitioned aggregation by summation of
units of analysis, 6.2.1 - 6.2.3. Fourth, ditto by averaging, 6.2.4. Fifth, ag-
gregation of sets of units, 6.3. Sixth, unweighted simple aggregation of asgeéts,
7.2.

The restriction in several cases to "unweighted' aggregation could easily be
removed. Generalization to the more general variants of aggregation of regres-
sors, 5.1, of units of analysis, 6.1, and of aspects, 7.1, would meet with no
problems of principle.

The results of the formal analysis are collected in Table 8.1.41. The model-

free interpretation is however not covered.
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Consistency will be said to be automatic when, whatever the total micro para-

meter vector B, a macro parameter vector § can always be found such that con-

sistency is attained. Otherwise, consistency will be said to be exceptional.

The expectational interpretation will be called data-free when the weights X

(or )‘h) of the implied micro parameter function(s) are fully determined by the

weights y of the interpreted macro coefficient function. Otherwise the expecta-

tional interpretation will be called dependent on the micro regressor data and on

the macro GLS matrix.

Table 8.1.1 The results of the formal analysis

Sub- f i Weight-sum
ub type.o Consistency .Expectatlor.lal elg.
aggregation interpretation relations
unw. partit. exceptional dependent s
of regressors P.5.2.2 P.5.2.3.A/B y
of regressands automatic data-free _
& P.5.3.2 P.5.3.3
unw. part. by impossible dependent no
sum. of units (or automatic) (or data-free)
P.6.2.2 P.6.2.3
unw. part. by automatic data-free -
ave. of units P.6.2.4 P.6.2.4
exceptional dependent yes
f set
o sets P.6.3.2 P.6.3.4
unw. simple exceptional dependent yes
of aspects P.7.2.2 P.7.2.3.A/B

In those sub-types of aggregation where consistency is exceptional, consisten-

cy makes the otherwise dependent expectational interpretation data-free.

The further discussion in 8.1 and 8.2 is primarily about those types of aggre-

gation where consistency is exceptional, the expectational interpretation is de-
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pendent on the micro data, and there are simple weight-sum relations for the im-
plied micro parameter function(s). This is the case in (unweighted) simple aggre-
gation of aspects, in (unweighted) partitioned aggregation of regressors, and in

aggregation of sets of units. The discussion applies also to inconsistent unweight-

ed partitioned aggregation by summation of units of analysis.

8.1.2 A fundamental question

Consider simple aggregation of aspects, or partitioned aggregation of regres-
sors, or aggregation of sets of units. Consistency is exceptional, the expecta-
tional interpretation is dependent on the micro regressor data, and there are
weight-sum relations.

Assume given linear regressor and regressand aggregating functions G and
H. Consider a given p-columned macro regressor matrix Z such that each
macro regression coefficient di’ i=1,..., p, is a unique macro coefficient
function.

The expectational interpretation assumes a micro relation & that consists of

k > 1 incomplete linear models with parameter vectors Bh ,h=1,..., k. It in-
terprets the macro regression coefficients as follows.

k

= ' { =
Epg(d) =0 B+ =14 p

As a rule, the weight vectors >‘ih of the implied micro parameter functions are
dependent on the (macro and) micro regressor data, and on the macro GLS ma-
trix W,

As stated in 1.3.3, Theil [1954] postulates a linear macro relation in the
macro variables, say \IJT , whose parameters are

6..=E

d i=1,...
Ti H@( i)’1 ’ P

As a rule, Theil’s macro parameters are thus functions of the micro regressor
data. Theil discusses this property of 6Ti in Theil [19547, section 2.5.

Theil’s use of the expectational interpretation should be confronted with the
consistency problem.

The consistency problem considers a micro relation & as above, and a macro
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relation \ that consists of an incomplete linear model with parameter vector 6.
It establishes conditions that { Bi e, Bk} must satisfy if there is to exist a §
consistent with them. These conditions are very restrictive,

The following conclusion can be drawn. As a rule, Theil’s macro relation \I/T
cannot be an incomplete linear model. In particular, its disturbance terms, say
nTj , cannot be those of an incomplete linear model. Theil discusses their prop-
erties in Theil [1954], section 6.3. See also Wu [1973].

What kind of a relation is the macro relation \IIT derived by Theil ?

8.1.3 An algebraical example

The fundamental question just asked will be discussed in the remainder of 8.1,
and in 8.2. The discussion will be in terms of simple aggregation of aspects;
this is rather customary. Analogous arguments apply to partitioned aggregation
of regressors, and to aggregation of sets of units; cf. the end of 8.1.1.

Consider unweighted simple aggregation of k > 2 aspects indexed h=1,..., k.
There are the intercept regressor and a single observed regressor specific to
the aspects. There are n > 3 units of analysis indexed j=1,..., n. The rank of
the n x 2 macro regressor matrix is assumed to be 2.

The regressor aggregating function G, the regressand aggregating function

H, and the micro relation & are as follows.

k
: = i=1,...
G Zj hgixhj s ) ) , n
k
: = i=1,...
He owp =59y 1=

A O .
: = + + ; =0 =1,... s j=1,..., n.
B My TP By eyt Bl T 00 e b KT s

By P.7.2.2, a necessary condition for consistency to be attainable is that

O =0
T e =0

Bi k

Only common least-squares will be considered. The macro regression line

. This condition is assumed not to be satisfied.

fitted by common least-squares regression is denoted
(0]
u=d?+az .
The common least-squares auxiliary regressions, say A, and their residuals,

are denoted



166

A O
: = + =1,...
A xhj ¢ e Zj +th , h seees K

The auxiliary regressions are model-free. The macro regression: coefficients
can be interpreted by means of the micro relation &.

Theil’s macro slope and intercept parameters are defined by the expectational
interpretations of the macro slope and intercept coefficients. These interpreta-
tions, and the associated weight-sum relations, are given by P.7.2.3.A and

P.7.2.3.B. The macro parameters derived by Theil are thus as follows.

k
o _ 0.0
o= 3% o
k
(0]
where hzzi ch =1;
(T)
. k k
A _ A A O
Or vt By T hE By
k
where h§1 ch =0.

\
Via the auxiliary regression coefficients, 6(; and éé are dependent on the micro
regressor data.

If the auxiliary regressions A are substituted into the semi-aggregated micro
relation H&, the outcome is the following linear relation in the macro variables.

k K k
o A A.O ( 0 o)
Hed:w = 2 B+ Do * 1298 )7 7

k o k

+ + i=1,...,n.
R R e

The intercept and slope of H®A are Theil’s 6,% and 62 .

The relation H3A derived from & is the macro relation \I/T derived by Theil.

In symbols,

\I/T:HQA .

This analysis of \I/T is implicit in Theil [19547. Perhaps the first explicit state-
ment of it is Allen [19567, section 20.2, where however the micro disturbances
eh]. are omitted. The complete version is found i.a. in Kloek [1961].

Theil’s macro relation can be written as follows.
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Ecp(nTj):h

It may be represented in figures by the line

_ e, 0
u—GT 6TZ

The macro relation \I/T is derived from the micro relation &. It remains to in-

vestigate what properties of \I/T follow from those of &.

8.1.4 Three numerical examples

The algebraical example of 8.1.3 will now be specialized into three different
numerical exampies. Throughout, "1f (¢)'" denotes any homogeneous linear func-

tion of the micro disturbances Ehj .

Examples 8.1.4.1 and 8.1.4.2. k=2 and n = 4. The micro parameters are

as follows.
A O
= + = 15 + H
E@yi, B1 81X1j 5 Xij’
A O
E_y, . =B+ = 5+2x,, .
aV2i " Po T Po¥y; 2

Example 8.1.4.1. The micro and macro data are as in Table 8.1.4.1.A. The

following results are easily verified.

a®= 2o, b= 58 416 (e) 5
5?:_%, 6$=58,

The relations (T) of 8.1.3 are satisfied. The disturbances of the macro relation

\IIT are as in Table 8.1.4.1.B.
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Table 8.1.4.1.A Micro and macro data in example 8.1.4.1

X,. . X, . . Z, u,
bRy Y4 2] Yaj J i
+
1 8 23 €11 11 27+e21 19 50+€11+€21
11 + + + +
2 26 612 8 21 322 19 47 €49 922
1 + + + +
3 13 28 613 8 21 €93 21 49 €3 623
1 1+ 1 +
4 16 3 614 5 5+e24 21 46+e:14 624

Table 8.1.4.1.B Macro disturbances in example 8.1.4.1

! Y1 V2 I
1 3 3 §+e + €
T2 2 2 11 21
9 3 3 3. ‘e
2 T2 T2 Ca T Can
3 3 3 §+€ +e
T2 2 2 13 23
3 3 3
- - = - =+ + €
4 2 2 2 %147 %04

Example 8.1.4.2. The micro and macro data are as in Table 8.1.4.2.A. The

following results are easily verified.

A

d” =1+1f(e), d®=32 +1f(¢);
6$=1, éé,z 32 ;
C?=1, cfz—iz;
0(2)=0, cgz 12
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The relations (T) of 8.1.3 are satisfied. The disturbances of the macro relation

\I/T are as in Table 8.1.4.2.B.

Table 8.1.4.2.A Micro and macro data in example 8.1.4.2

P 2] Yo % %

1 5 ZOJre;{“l 12 294-6:21 17 49+911+€21
2 7 22 + 612 12 29 + €99 19 51 + €40 + 622
3 9 24+513 12 29+e:23 21 53+ei3+e:23
4 11 26+e14 12 29+ez4 23 55+€14+€24

Table 8.1.4.2.B Macro disturbances in example 8.1.4.2

! 1j 2j ey

1 0 0 611+621
+

2 0 0 e12 e22
+

3 0 0 613 623
+

4 0 0 5:14 624

Examples 8.1.4.1 and 8.1.4.2 simplified. The analysis above remains valid

when €hj =0 for h=1,2 and j=1,2,3,4. Figure 8.1.4.A illustrates this sim-

plified (or degenerate) situation.
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56 T
55 -
54 1
53 A
52 4
51 +
50 +
49 1
48 T
47 1
46 +

45T

1 + + " I " 4 +

Y Z

L
- + 4

T t + t t t
16 47 418 19 20 24 22 23 24

X ———————— data and relation in example 8.1.4.1
O —mmmmmm data and relation in example 8.1.4.2

plausible relation, see 8.2.1

Figure 8.1.4.A Macro data and relations in examples 8.1.4.1 and 8.1.4.2

when all micro disturbances vanish
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Example 8.1.4.3. k=4 and n=5. The micro parameters are as follows.

E@y1j=8§+efxijz 15 + Xij;
Eci:ij = BS + BSXZJ' = 5 + 2X2j H
Eq)y3j = Bg + 82 X3j = - 5+ 3X3j H
E@y4j:Bi+B4OX4jE - 15 +4x4],.

The micro and macro data as as in Table 8.1.4.3.A. The following results are

easily verified.

a© :-2—+1f(e), ab=1f(e);
62=g, 6,%:0;

c?:%, cf:—ZS,
020':—1—%, C§= 313

c§=0, c§= 13
040:%, 022—19

The relations (T) of 8.1.3 are satisfied. The disturbances of the macro relation

\I/T are as in Table 8.1.4.3.B.

Table 8.1.4.3.A Micro and macro data in example 8.1.4.3

j Xij X2j X3j X4j Eyij Eij Ey3]_ Ey4j Zj Euj
1 6 11 13 6 21 27 34 9 36 91
2 9 8 13 8 24 21 34 17 38 96
3 15 3 13 9 30 1 34 21 40 96
4 11 8 13 10 26 21 34 25 42 106
5 14 5 13 12 29 15 34 33 44 111
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Table 8.1.4.3.B Macro disturbances in example 8.1.4.3

! V1 V2] V3 Y4 M7
! ‘1_3 1_(6); 0 ‘1_20 142y
'1_20 '1_20 0 -1% i+>:ehz
i—g‘ ‘% 0 0 —d e,
‘% % 0 "1% Trley
5 ’1—% _143 0 1_20 1*oe,

The analysis above remains valid when ehj =0 forh=1,2,3,4 and

j=1,..., 5. Figure 8.1.4.B illustrates this simplified (or degenerate) situation.

1410 +
105 7
100 T

95 1

90 T

85 T

b
N

1 ] Il + Il I
T T T T T

34 36 38 40 42 44 46

Figure 8.1.4.B Macro data and relation in example 8.1.4.3 when all micro

disturbances vanish
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8.1.5 Systematic disturbances and variable parameters

The macro relation \I/T derived by Theil will now be compared with the in-
complete linear model of 2.3.1, and with certain generalizations of the latter.

The incomplete linear model is concerned with a given n-rowed regressor
matrix Z . With each row vector z],' of regressor data occurring in Z there is
associated a stochastic regressand element uj . The incomplete linear model

partly specifies the distribution of uj as follows.
u=z6+n, E(n)=0
15O, (77])

The same parameters § apply to each row j=1,..., nof Z. The disturbances
nj have zero expectation.
In the macro relation \I/T of 8.1.3, the micro relation & implies that as a

rule

Eq,("Tj)_TIO'

Examples 8.1.4.1 and 8.1.4.3 illustrate this property of \I/T , see Figures
8.1.4.A and 8.1.4.B. The macro disturbances are in this sense systematic.

If the specification E (77],) = 0 is simply dropped, the incomplete linear model
of 2.3.1becomes vacuous. The following generalization permits E (nj) # 0 but

avoids vacuity. There exists a single-valued function f(-) such that
u=z6+n, E(n)=1f(z
im0 (my) = 1(7)

The expected value of u]_ is then still uniquely determined by the vector zj' .

In the macro relation \I/T of 8.1.3, there need not exist such a function f(-).
Example 8.1.4.1 illustrates this, see Figure 8.1.4.A. The expected macro dis-
turbance Eé(nTj) is a function of the micro regressor data aggregated into the
corresponding macro data zj' .

When the linear model is applied in practice, and the regressors are not all
designed (2.3.3), the following generalization is usually taken for granted. Many
row vectors Z; of regressor data that did not occur in Z could have done so;
but it is hardly ever stated precisely what vectors z;‘ are eligible. Associated
with any such vector z; there would be a stochastic regressand element u .

The linear relation u = z'§ that is valid for the given n units of analysis would
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be valid for any new units of analysis too. This generlization is probably inspir-
ed by the regression model (2.3.4).

In the macro relation \I/T of 8.1.3, the macro parameters 6? and 5,% deriv-
ed by means of the micro relation & are not independent of the regressor data.
Examples 8.1.4.1 and 8.1.4.2 jointly illustrate this property of \I/T , see Figure
8.1.4.A. The total micro parameter vector B is identical in the two examples,
but the macro parameters differ.

The macro parameters 6T are functions, via the auxiliary regression coeffi-
cients, of the total set of micro regressor data. If in example 8.1.4.2, units
j=1 and j = 4 are replaced by replications of units j = 2 and j = 3, then the two
examples have identical macro regressor matrices. Yet the macro parameters
differ. The macro parameters are in this sense variable.

In summary, the micro models & imply the following two important properties
of the macro relation \I/T derived by Theil.

The first property is for a given set of micro regressor data. The macro dis-
turbances are systematic. The usually non-zero expected value of the macro dis-

turbance of a given unit of analysis is affected by the micro regressor data of the

unit. Thus the macro relation \I’T in the macro variables does not provide unbi-
ased forecasts of the macro regressand.
The second property is concerned with changing the micro regressor data.

The macro parameters of \.I/T are not determined by the micro parameters-of &

alone. They are affected also by the total set of micro regressor data given. As

a rule, two different sets of micro regressor data give different macro parame-
ter vectors 6T , and in fact different macro disturbance vectors Nt too. Thus
when the set of micro regressor data is changed, nothing in the macro relétion
\I/T need remain permanent.

The macro relation \I/T is presumably intended for use also when the micro
regressor data underlying the actual macro regressor data are not known. Its
parameters 6T are however not invariant w.r.t. the unknown micro regressor

data. To call 6T macro parameters may therefore by rather misleading.
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8.1.6 On zero means and correlations

The macro relation \I/T derived by Theil is not a generalized linear model in
the sense discussed in 8.1.5. It is perhaps tempting to argue that it is neverthe-
less essentially equivalent to a linear model in the following sense. ""The macro
disturbance N has zero mean, and zero correlation with any non-intercept mac-
ro regressor.' Is this argument correct?

Two kinds of means and correlations must be distinguished. First, if x and y
are two random variables, their joint distribution determines two means Ky and
Y, and a correlation p__ . Such means and correlations will be called distribu-
tional. Second, if xj and yj ,j=1,..., n, are two series of given numbers, one
can compute from them two means x and ¥, and a correlation rxy . Such means
and correlations will be called model-free (or descriptive).

Again, the explicit attention will be limited to the class of aggregations consid-

ered in 8.1.3. Three different models of the form
A (0]
u =6 +6 z, +n.
J J n]

will be compared. One of them is Theil’s model \I/T . There, the macro disturb-
ance is
k

o K
rj = hE1 % Vi T nh oy

where th are residuals from the auxiliary regressions.

First, consider a regression model in the sense of 2.3.4. The standard as-
sumptions are as follows. For any j, the distributional mean of nj is zero. For
any j and k, inclusive of k = j, the distributional correlation between nj and
Zk is zero. On the other hand, consider a given realization (nj s Zj Y, j=1,...,n
of the regression model. As a rule, the model-free mean 7 and the model-free
correlation r‘r7Z , computed from the realization, are not exactly zero.

Second, consider a linear model in the sense of 2.3.1. The standard assump-
tions are as follows. For any j, the distributional mean of nj is zero. Since zy
is a non-stochastic constant, the distributional correlation between nj and Z is
zero by definition. On the other hand, consider a given realization nj s
j=1,..., n, of the linear model for given Zj’ j=1,..., n. As a rule, the

model-free mean 7 and the model-free correlation r 2 computed from the
n
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realization, are not exactly zero.

Third, consider Theil’s model \I/T and the model-free properties of a given
realization nTj , j=1,..., n, for given z], ,i=1, ., n. By P.2.2,3(ii), for
h=1,..., k the following is true. The model-free mean of the h'th auxiliary
residual vh is zero, and so is its model-free correlation with z . But for
h=1,..., k the following is also true. The model-free mean of the h'th micro
disturbance eh is not exactly zero, nor is its model-free correlation with z .
Thus the model-free mean of nT , and its model-free correlation with z, are
both as a rule not zero.

Fourth, consider \I/T and the distributional properties of its disturbances

k

k
of nTj , as determined by &, is as a rule not zero.

nTj ,j=1,..., n, Since z, is a non-stochastic constant, the distributional cor-
relation between nTj and z, is zero by definition. But the distributional mean

Is \I/T essentially equivalent to a linear model in the sense indicated at the be-
ginning of 8.1.6? The model-free mean of N and its model-free correlation
with z are not relevant to this question. Moreover, they are not zero. It is the
distributional means of nTj and their distributional correlations with Zy that
matter. The distributional correlations are indeed zero by definition. But the
distributional means of nTj are not zero. Therefore \I/T is not essentially .equiv—

alent to a linear model.

8.1.7 A simple reinterpretation

Once more, the explicit argument will be in terms of the class of simple ag-
gregations of aspects of 8.1.3. Analogous arguments apply to other classes and
types of aggregation.

The parameters of the macro relation \I/T according to Theil are derived by
means of two consecutive operations. The first operation computes the macro

b, The second operation takes the micro expec-

regression coefficients dO and d
tations EHé(dO) and EH:I’(dA) of the macro regression coefficients. Both ope-
rations are linear in the macro regressand data u,, j=1,..., n. If the order
of the two operations is reversed, the result rema]ins unaffected.

Let the order be reversed. The first operation takes the micro expectations

EH@(uj ) of the macro regressand data,
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k A k o
EHé(u]):h:ZiBh+h§iBh Xh] s ]:1,...,11

By substitution of the auxiliary regressions,

h=1"h h=1 h h hihh h=1 "h hj’

Kk K k 0.0
EHq)(u],)— z B + 3 b B + B z]+ Z B v,.,j=1,...,n.

Compare with HgA of 8.1.3.

o
The second operation computes the slope éT and intercept élé in the regres-

sion of EHcI> (u) upon z. Since for h = 1,..., k the h'th auxiliary residual vy
has zero model-free mean and correlation with z, the outcome is as follows.
k
(0] (OINe]
Op =nZ % B o
N 15 A g0
T b= 1 h h h

The second operation is a model-free regression computed from the data

{Zj, EH:;(uj)} » J=L4..m

The regressand has been derived by means of the micro models &, but the re-
gression itself refers to no model.

Three examples of the model-free regression of EH{: (u) upon z are shown in
Figures 8.1.4.A and 8.1.4. B.

A simple reinterpretation of Theil’s macro parameters GT can now be formu-

lated in general terms. The macro parameters derived by Theil are the regres-

sion coefficients in the model-free regression of EH«I; (u) upon Z , where EH{: (u)

is the micro expectation of the macro regressand, and Z is the set of macro

regressors.

8.2 The concept of aggregation bias

8.2.1 Some terminology

The macro parameters derived by Theil are linear functions of the micro
parameters. If the aggregation is sufficiently simple, it is tempting to guess the

weights of those functions. Thus in the class of simple aggregations of aspects
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introduced in 8.1.3, the following linear functions have som intuitive appeal.

O
P

M =
-

1 2 0
% “k nfth

k
6p = n2 § -
Macro parameters defined by such a priori plausible weight systems will be
called plausible macro parameters.

No attempt will be made to formulate a general definition of plausiblé macro
parameters. It is doubtful whether such a rule could be agreed upon even for
simple aggregation of aspects, unless the aggregation is unweighted. The discus-
sion below in 8.2 is limited to the class of aggregations of 8.1.3.

The difference between a macro parameter as derived by Theil, and the cor-
responding plausible macro parameter, is called by Theil [19547], moment 6.4.5,

an aggregation bias. In 8.1.3 there are the following two aggregation biases.

K
o .0 .0 0 1.,.0
8 =0p -0, =L (o )R
K
N S A gO -
S UL N

Because of the weight-sum relations for the auxiliary regression coefficients,
these aggregation biases can be expressed in terms of certain model-free covar-
iances across the aspects, between auxiliary regression coefficients and micro
parameters. See Theil [19547, moment 2.3.3.

The aggregation biases in the three examples of 8.1.4 are listed in Table

8.2.1.

Table 8.2.1 Aggregation biases in examples 8.1.4.1 - 8.1.4.3

O (0) o A A A
example OT ﬁp 8 GT 6P 8
1 3
.1.4.1 -= - -2 5 2 3
8 P ) 8 0 8
3 1
8.1.4.2 1 2 —5 32 20 12
5 5
8.1.4.3 2 3 0 0 0 0
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The plausible macro relation

A O
\I/P.u~6P+6Pz

common to examples 8.1.4.1 and 8.1.4.2 has been drawn into Figure 8.1.4.A.

In example 8.1.4.3, Figure 8.1.4.B, \I/P coincides with \IIT .

8.2.2 Two conflicting points of view

In standard statistical terminology, a bias is the expected difference between
an estimator p and the parameter T estimated, E (p) - 7. It is natural to try to
interpret the term "aggregation bias' accordingly. The estimator is a macro re-
gression coefficient. For example, p = dO and E (p) = 6,(13 . As to what is the
parameter estimated, two different points of view are possible.

The first point of view is that the parameter estimated is the corresponding
plausible macro parameter, 7= 610D . The aggregation bias eO is then a bias in
the ordinary sense of the word. If this point of view is adopted, the macro para-
meter 6? derived by Theil loses its status as the real macro parameter.

The second point of view is that the parameter estimated is the macro para-
meter Q,CI) derived by Theil. If this point of view is adopted, the estimator dO
is unbiased, and the aggregation bias is not a bias in the ordinary sense of the
word. The plausible macro parameter 6(; and the aggregation bias eO lose
most of their interest.

A somewhat sharp formulation of the two conflicting points of view is as fol-
lows. Either the macro parameters derived by Theil are not parameters, or else

the aggregation biases are not biases.

8.2.3 Aggregation bias and consistency

The interrelations of three possible properties of an aggregation will now be
discussed. Again, the discussion is limited to the class of aggregations of 8.1.3.
The first property is that consistency in the sense of 4.2.4 is attainable. By

P.7.2.2, a necessary and sufficient condition is as follows.
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This property will be abbreviated CA (consistency attainable).

The second property is that the expected disturbances in the macro relation

\W,. vanish. From \I/T of 8.1.3,

T

k o
E = = i=1 e
o) T B =0, IS4

This property will be abbreviated VMD (vanishing macro disturbances).

The third property is that the aggregation biases vanish. From 8.2.1,

k

0 0 1..0

8 =y (o )R =0
k

A A O _

S nd g By =0

This property will be abbreviated VAB (vanishing aggregation biases).

If the auxiliary regressions A of 8.1.3 are summed over the aspects, the

K K K
_ s 0)
2 p2 G Y (hzi h ] % " nZ1 Vh

result is

By the weight-sum relations in (T) of 8.1.3, this implies
k

§1V.=0, j=1,..., n

h hj

This is a restriction on the auxiliary residuals.
By the restriction on the auxiliary residuals, CA implies VMD. By the
weight-sum relations (T) for auxiliary regression coefficients, CA implies VAB.
Example 8.1.4.2 shows that VMD implies neither VAB nor CA. Cf. Figure
8.1.4.A and Table 8.2.1.

Example 8.1.4.,3 shows that VAB implies neither VMD nor CA. Cf. Figure
8.1.4.B and Table 8.2.1.

Thus either of VMD and VAB is a necessary but not sufficient condition for

CA. In particular, vanishing aggregation biases do not imply consistency.

8.2.4 Some references to literature

Theil [1954] assumes a micro relation. & that consists of linear models, and

derives a macro relation \I/T = H3A . That \I/T is not an incomplete linear model
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is made clear in Theil [1954], moment 6.3.4.

Both & and \I/T consist of linear equations plus disturbances. To economists
and other non-statisticians the formal differences between & and \I/T may not
appear important. Such neglect of statistical technicalities as in fact encouraged
by Theil [1954] himself in section 6.1 on "aggregation in a changing economy".
As stated in 3.2.5 above, this is a sequence of two aggregations. The first stage
produces intermediate relations of the type \IIT . These are then aggregated in
the second stage just as if they were linear models. Further, in the second stage
Theil uses the model-free approach of 6.4.2 to establish an expectational inter-
pretation, which is also, by 6.4.4, questionable.

Boot and de Wit [19607] study empirically a simple aggregation of aspects.
The authors replace the unknown micro parameters by their least-squares esti-
mates. They then decompose each estimated macro parameter 8Ti or disturb-
ance ;’Tj into three parts, on a '"true' parameter or disturbance, the second one
an aggregation bias, and the third one an implied sampling error. In the notation
of 8.1.3, the '"true'" parts correspond to

k k
1 0
KhEtPh @ T e,

while the aggregation biases correspond to

k k
0 1..0 0
S R Y

Since 8.1.3 is in model terms, the implied sampling errors have no counterpart
there.

The numerical decompositions of the estimated macro parameters and disturb-
ances are given in Boot and de Wit [1960], Tables 3 and 6. The authors then pro-
ceed to compute the model-free variances and covariances across the n units of
analysis of the three components of the estimated macro disturbance, Table 7.
This procedure sweeps under the carpet the difference between the "true' macro
disturbance Zh ehj , which is stochastic, and the ""aggregation bias" Zh B}?vh]_ ,

which is not; cf. 8.1.6. Generalization to other data would therefore be question-

able.

An analogous empirical study is Gupta [1971]. That Zh ehj is stochastic while

Zh B}?th is not is indicated in Theil [19547], moment 6.3.5.
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The term ""aggregation bias' is used differently by certain other authors. A
test for the absence of aggregation bias in Zellner [1962a], section 4, is a test
for consistency in simple aggregation of aspects. The test is unnecessarily re-
strictive, for the hypothesis tested includes that the micro intercept parameters
agree; cf. the end of 7.2.2. The aggregation bias referred to by [jiri [1971],

section 4.2, is the bias in the prediction of the macro regressand caused by the

aggregation.

8.3 Cn the coefficient of determination in aggregation

8.3.1 On the coefficient of determination in the linear model

The coefficient of determination Rz was defined in 2.5.3. Its definition makes
no reference to a linear model.

Consider a given regressor matrix X and a complete linear model as defined
in 2.3.1. The parameters of the model are the parameter vector B, the covari-
ance matrix 02W , and (cf. 2.3.4) the regressor matrix X.

Corresponding to (almost) any realization of the regressand vector y, there
is a coefficient of determination R2 . Such an Rz characterizes primarily the set
ly i X 1 of regression data from which it is computed.

Attempts have been made to define an additional parameter P2 for the com-
plete linear model (not the regression modell), such that P2 is somehow a the-
oretical counterpart of Rz . One alternative is suggested by Barten [1962], an-
other one by Koerts and Abrahamse [1969]. .

The latter authors show that the distribution of R2 implied by the normal
linear model depends on X . They warn against the use of R2 to compare differ-
ent linear models, Koerts and Abrahamse [1969], section 8.7.

The coefficient of determination R2 is a model-free concept. Its conceptual

relation to a postulated linear model is not simple.

8.3.2 On aggregation of aspects

Grunfeld and Griliches [1960] refer to an empirical study of simple aggrega-

tion of eight aspects. They consider three kinds of fitted relations.
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The first set of relations consists of a fitted micro relation (Bh for each as-
pect h=1,..., k. The coefficients of determination will be denoted rﬁ s
h=1,..., k.

The second relation is a fitted macro relation &/ . The authors call this the

2
aggregate relation. Its coefficient of determination will be denoted Ra . )

The third relation is the indirectly fitted semi-aggregated micro relation H&
defined by the regressand aggregating function and the fitted micro relations. The
authors call this the composite relation. Its coefficient of determination will be
denoted Ri .

First, the authors find that, somewhat unexpectedly,
2

R >r
a

They manage to find an explanation in terms of the joint behaviour of the micro
regressors. The explanation is model-free; see Grunfeld and Griliches [1960],
appendices A to E.

Second, the authors find that, very unexpectedly,

Ri > Ri

They fail to find an illuminating model-free explanation of this phenomenon. In-
stead, they argue that inclusion of the macro regressors in the set of micro re-
gressors for every aspect would be likely to change the relation between the ag-
gregate and composite coefficients of determination. Their tentative conclusion is
that the micro models are probably mis-specified and should include the macro
regressors. See Grunfeld and Griliches [1960], section IV.

The second finding has been further considered by Green [19647, section 12.4,
and by Gupta [1969].

The question why in simple aggregation of aspects sometimes Ri > Ri is
quite intriguing. At least three different kinds of answers may be sought. The
first kind is entirely model-free. The second kind involves the k micro models
but keeps the micro regressor data fixed. The third kind of answers would asso-
ciate a probability distribution with the micro regressor data too. It is important
to be clear as to what kind of answer is sought. The analysis of Grunfeld and Gri-

licher [1960] is not explicit on this point.
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8.3.3 On aggregation of units

The common correlation squared is a special case of the coefficient of deter-
mination.

Sociologists sometimes study the following kind of partitioned aggregation by
averaging of units of analysis. The micro units are individuals. The macro units
are disjoint groups of the individuals. The variables may, but need not, be dum-
my variables that allot the value 1 to an individual who has a certain property,
and 0 to one who has not. If so, the macro data are percentages.

A correlation between two variables computed from the micro data is called
an individual correlation. A similar correlation computed from the macro data
is called an ecological correlation.

There seems to have been some tendency earlier to use the ecological corre-
lation as an approximation to the individual correlation. On the other hand, the
ecological correlation has often been found to increase steadily as the individuals
are grouped into fewer and larger groups. A striking non-sociological example
of this tendency is given in Yule and Kendall [1950], sections 13.2-13.7, where
the ""modifiable units' of analysis are geographical regions. A sociological ex-
ample is Slatin {19697,

Is there a simple relation between ecological and individual correlations? For
simple correlations, the answer is given by Robinson [1950]. The answer uses
the same algebraical relations as 6.4 above, and the concept of correlation ra-
tios. Robinson’s answer is completely model-free.

Ecological correlation and regression is further discussed i.a. in Blalock

[19647, Alker [19697, and Hannan [1971].
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9 A WIDER PERSPECTIVE
9.1 Miscellaneous reflections on aggregation and models

9.1.1 On aggregation versus disaggregation

Statistical data give a numerical picture of some segment of the real world.
Data that give pictures of different degrees of detail are said to refer to different

levels of aggregation.

A theory about the real world is represented in statistics by a model. The the-
ory, and thus the model, refers to some more or less clearly specified level of
aggregation. Data referring to the proper level of aggregation are required, if the
model is to be estimated or tested. Forecasts by the model are statements about
data referring to the proper level of aggregation. Sometimes, however, data re-
ferring to the proper level are not available, except perhaps at prohibitive cost.
Sometimes, it is not even known for certain what is the proper level of aggrega-
tion.

Suppose that a certain model is thought to apply to data referring to a specified
level LM of aggregation. Suppose that the only data available refer to a different
level LD of aggregation. Two questions arise. First, what can the data tell about
the model ? How, if at all, can data on level LD be used to estimate or test the
model on level LM ? Second, what can the model tell about the data? How, if at

D
general and vague questions can be made specific and precise in several ways.

all, can the model on level LM be used to forecast data on level 1L__ ? These

If the data are too highly aggregated for the model, there are what may be cal-

led problems of aggregation. In the opposite case there are problems of disaggre-

gation. The consistency and interpretation problems of the formal analysis of
chapters 4 to 8 are problems of aggregation. On the whole, they presume that
the micro level is the proper level of aggregation, while the available data are on
the macro level. The consistency problem (4.2) formally treats the micro and
macro levels symmetrically, but the question asked is prejudiced in favour of the
micro level. The model-free (4.3) and expectational (4.4) interpretations both
interpret macro statistics in micro terms, and the latter is explicitly based on

the micro model or models.
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In an aggregation, the micro data determine the macro data uniquely via the
aggregating functions. As a rule the macro data do not, conversely, determine

the micro data uniquely; there are no (exact) disaggregating functions. For this

simple reason, aggregation is, loosely speaking, more amenable than disaggre-
gation to formal analysis. Not that problems of disaggregation are always more
difficult to solve than problems of aggregation. The significant difference is that
it is less easy even to formulate a solvable problem of disaggregation.

To study aggregation is easier, but to study disaggregation is equally legiti-

mate. A similar opinion in pronounced by Ijiri [19717, section 6.3.

9.1.2 On aggregation and disaggregation in regression

In many applications of regression analysis, the following applies. The data
could conceivably, if perhaps not in practice, be aggregated or disaggregated in
some way, or in several ways. An analogous regression analysis could be per-
formed using the aggregated or disaggregated data. The regression on the new
level of aggregation would then be interpreted much like the actual regression.
There are no convincing arguments, from theory or otherwise, to decide whether
the actual level LD of aggregation is the proper one. The model implied by the
theory studied may in fact refer to a different level LM of aggregation.

Depending on the type of aggregation and on the parameters of the model, the
suspected aggregation or disaggregation may or may not admit consistency. If it
is not known to be actually consistent, the standard conclusions from the actual
regression analysis are not well-founded. They may well be misleading.

In particular, many econometric (and other) data refer to a period of time.
There are e.g. monthly, quarterly, and annual data. At least if the theory studied
contains time lags, this property of the data is definitely disquieting. Aggregation
and disaggregation in the dimension of time are likely to be fertile sources of in-
consistency. See for example Nerlove [1959], Mundlak [19617], and Moriguchi
[1970]. Cf. also Brewer [1973]. An empirical study of aggregation over time
without lags is found in Dean [19417.

There is a temptétion to become over-apprehensive, and to think that '"perhaps
most' applications of regression analysis involve hidden aggregations or disaggre-
gations. The border-line between wise caution and absurd obsession appears to be

remarkably elusive here.
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9.1.3 On models versus the real world

Different scientific theories introduce different ways of looking at the real
world. They formulate different concepts, to be used as tools to grasp the real
world. A good theory does not only answer many questions that were not answer-
ed before. Its real merit may well be that the questions were not even asked be-
fore. Cf. Toulmin [19537, chapter 2, or Hempel [19667, section 2.3.

A simple example from economics ié the dynamic theory of agricultural supply
formulated by Nerlove [1958a,c]. Random disturbances apart, this theory im-

plies a model equation
8 ®
= +
Voo igo LA

where it is assumed that |y| < 1. This model gives a definite meaning to the
terms '"'short run' and 'long run'. The short run influence of x on y is measur-
ed by the parameter B, the long run influence by (1 - 'y)-iﬁ . The model makes
it meaningful, even if trivial, to ask about the path followed by y on its way to the
long run (equilibrium) level.

A generalization is the final form of interdependent econometric equations for-
mulated by Theil and Boot [ 19627, and anticipated by Goldberger [19597. Random »

disturbances apart, the final form is the vector equation

@©

V=t B TBx
where T" is a square matrix whose eigenvalues Y, are all assumed to satisfy
‘yh |< 1. The short run influence of the j'th element of x on the i'th element of
y is measured by element (i,j) of the matrix B of impact multipliers. The long
run influence is measured by the corresponding element of the matrix (I1-T) B
of total multipiiers. The path followed by y; on its way to the long run level is of
great interest i.a. for economic policy.

Two theories in the same area may well bring into focus different levels of ag-
gregation. The theory concerned with the higher level of aggregation is not neces-
sarily less correct simply because it is less detailed. Theories, and hence mod-
els, referring to different levels of aggregation are as legitimate as maps giving

different degrees of detail. Cf. Toulmin [ 19537, chapter 4.
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One reason why economists study aggregation is that they would like to estab-
lich a bridge connecting macroeconomics to microeconomics. In the opinion of
Peston [1959], the economic profession had better concentrate on the develop-
ment of macroeconomics as such. Whether a macroeconomic theory is accept-
able and fruitful should be judged, theoretically and empirically, within a macro-
economic frame of reference. Its possible relation to microeconomic theories
is a separate question.

The concepts and models used in science are not necessarily intuitively appeal-
ing. The inflow of water into a dam, and the number of bacterio-phage attached to
a bacterium, are phenomena naturally represented, the former by a continuous
variable, the latter by a discrete variable. Yet Gani [1971] discusses two suc-
cessful statistical models representing, respectively, the former phenomenon by
a discrete variable and the latter one by a continuous variable.

The concept of a stochastic variable is of central importance in the linear
model and in other statistical models. It is based on the concept of a random
event. When a statistical model is applied in practice, some observed data are
regarded as realizations of stochastic variables. When is this permitted, i.e.
what events can be regarded as random ? Statistical text-books are often remark-
ably reluctant to discuss this fundamental question. An exception is H. Cramér
[19457, chapter 13. Cramér writes i.a. (section 13.2): "It does not seem possib-
le to give a precise definition of what is meant by the word 'random'. The sense
of the word is best conveyed by some examples,"

Many text-book examples of stochastic variables refer to gambling, beredity,
or radio-active decay, and identify an observed datum directly with a stochastic
variable. Similar examples referring to economics are rare, but a few are given
by J.S. Cramer [1969], chapter 2. However, the typical ecorometric stochastic
variable is a disturbance term covering the lack of exact fit.of a linear model
equation. Such random disturbances are sometimes said to represent the joint
influence of all factors not explicitly included in the model.

Models and theoretical concepts are tools. There is more than one legitimate

way to use them.



9.1.4 On parameters and stochastic model components

A model expresses the form of a regularity. Suppose that the quantity x of a
fodder additive has been found to increase linearly, on the average, the quantity
y of wool produced by sheep. The deterministic equation y =« + Bx is a simple
model of this regularity. The simple model implies i.a. that if two sheep are
given identical quantities of the fodder additive, both will produce identical quan-
tities of wool. Suppose experience shows this not to be the case. The determin-
istic model is then refuted by the data. Still, it may remain valid as an approxi-
mation.

In order to avoid vague claims of "approximate validity'', the model can be
stochasticized so as to become the incomplete linear model y=& +Bx + ¢,

E (€)= 0. This model is not immediately refuted by almost any data. Still, it ex-
presses a regularity, for data sufficiently at variance with it can be taken to re-
fute it. In order to formalize the confrontation of the model with data, additional
assumptions on the disturbance term e are required.

The parameters of a statistical model express the interesting regularity stud-
ied. The parameters are usually assumed to remain valid also outside any given
set of data. How far their validy extends is rarely stated with precision.

The stochastic disturbance terms cover the — presumably uninteresting —
deviations from the interesting regularity. The stochastic disturbances are usual-
ly assumed to be literally unpredictable. Whether they are unpredictable in prin-
ciple or only in practice is rarely discussed. The formal model as such does not
distinguish between these two cases.

Consider again the class of simple aggregations of aspects {G, H, &} intro-
duced in 8.1.3 above. Two unsuccessful attempts to derive a linear model ¥ in
the macro variables z and u will be mentioned.

The first attempt is suggested by Klein [19537, section 5.3. Summation of the
micro models for the k aspects establishes the relation

A O
. = + B
\I/S : uj GS + GS zj nsj

where the parameters and disturbances are
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k k
o_ 0
8 = 121 %0/ nZ1 %y
k

M55~ hE1 *hj

The macro disturbance g is as unpredictable as the micro disturbances. The
macro intercept Gg is as constant as the micro intercepts. But the macro slope

O
parameter GS takes a different value for each unit of analysis, and should be

written égj .

The second attempt is that due to Theil [1954], which establishes the relation
\I/T described in 8.1.3 and discussed i.a. in 8.1.5. The macro disturbance N
is predictable in terms of the micro regressor data and parameters, in the sense
that E (nT) is a function of those quantities. The macro parameters 6% and
GT are valid for each unit of analysis within a given set of units. But as shown
by examples 8.1.4.1 and 8.1.4.2, they take on different values for different sets
of units of analysis.

In a sense, ég and 62 both fail to be acceptable macro slope parameters for

the same reason. There are too many micro quantities that affect them in a deter-

ministic fashion. A simplifying regularity is called for.

9.1.5 On stochasticizing micro quantities

Under the assumptions maintained in chapters 4 to 8, an aggregation involves
two sets of non-stochastic micro quantities. The first set consists of the elements
of the total micro parameter vector B (4.1.2). The second set consists of the
elements of the independent micro data vector x (4.2.4). The assumptions can be
modified, and either B or x, or both, made stochastic.

Unweighted simple aggregation of aspects with stochastic micro parameters
is discussed by Zellner [1969] and by Theil [1971], section 11.5. Both authors
assume that the distribution of B is such that E (B) satisfies the consistency con-
dition of P.7.2.2. Thus in the notation of 7.2.2, for i=1,..., q, the micro pa-

rameter subvectors B;ﬂ satisfy
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x . _ . oS
E@(Bpﬂ) =i Bpﬂ

for some scalars spS+i . Consequently, the expectational consistency

is easily attained by choosing 6IS)+1 = BEH for i=1,..., q.

If the stochastic character of B is motivated by random sampling of aspects
from some population of aspects, then not only B but also x becomes stochastic.
As pointed out by Theil [19717, section 11.5, this complicates the analysis.

The two authors cited assume that B is stochastic while x is not. The oppo-
site assumptions are at least as natural. Like other parameters, the micro para-
meters B serve to express an interesting regularity, which is thought of as more
permanent than the actual data. The observed independent micro data x record
observations of the real world, and could have taken different values; cf. 2.3.3.
The habit to regard x as non-stochastic is motivated by the mathematical theory
of the linear model rather than by the applications of regression analysis in for
example econometrics; cf. 2.3.4.

To assume that the micro parameters are non-stochastic, while the observed

micro regressor data are stochasﬁc, appears quite justifiable.

9.2 A sometimes possible way out

9.2.1 A set of normal variables

The following two properties of the multivariate normal distribution will be
referred to without explicit reference.

(1) Let t be a stochastic n-vector, whose distribution is multivariate normal
with mean vector E (t) = 4 and non-singular covariance matrix V(t) =S. Let H
be a non-stochastic m x n matrix of rank m, and k a non-stochastic m-vector.
Then u =k + Ht is a stochastic m-vector, whose distribution is multivariate nor-
mal with mean vector E (u) = k + Hy and non-singular covariance matrix

V (u) = HSH'.
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(2) Let t= (t'1 :, t:’z)' be a partitioned stochastic vector, whose distribution

is multivariate normal with mean vector and non-singular covariance matrix as

follows.
[ty [ 1,
t
g L Hy
- r |
2! 5111 Sy
v || =
ty —sz1 | Szz

Then the conditional expectation of t2 for a given t1 is the following linear func-

tion of t1 ; for later purposes the equation is transposed.
-1
1 Ty = gt ¢! —
E(tzlti) ay, t1B21 , where B21 811812 and

[
gy T Hy ~ Ky Byy

Properties (1) and (2) are demonstrated in Graybill [19641], chapter 3, and in
many other text-books.

For h=1,..., k=2 let xh be a stochastic vector of order q > 1, and eh a
stochastic scalar. Further, let ah be a non-stochastic scalar, and Bh a non-

stochastic g-vector., Define
y, =@ +x'B +e
N e e N

Then Yy is a stochastic scalar.

Define the kg-vector x as follows.

- 1 1 1yt
X (X1"')ﬁ1"'xk)
Define the k-vectors y, ¢ and ¢ analogously. Define the kq x k block-diagonal

matrix B as follows. (B can be read "'capital beta''.)



By eeer 0 ennnn 0
B=1|0 Bh. 0
_0 cera 0 il Bk_

In this more compact notation,
y' :al +X'B+€' .

This is a row vector of k equations, one for each yh .

Let G be the kq x g matrix defined by

G=[1 I ..... 17

Let i be the k-vector of unit elements. Define

z' =x'G ,
u =y'i ,
B =Bi
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Then z is a stochastic gq-vector, u a stochastic scalar, and B a non-stochastic

kqg-vector with subvectors Bh ,h=1,..., k.

Assume that the mean vector and covariance matrix of the (kq + k)-vector

(x"} €)' are as follows.
b

X K
E =
€ 0
X S 10
v = | e
[ € ] 0 Q

Assume that S and Q are non-singular matrices.

It follows that the (kq+k+q+1)-vector (x' i y' . z' : u)' has the following mean

vector and covariance matrix.
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.
v |a+Bu
1 e
'XW BEEE: i SG | sB
v 'B'S | B'SB+Q |B'SG | B'SB+Qi |
VU [es T ess T Tase o
ud Le's | B'sB+i'QlF'SG | B'SE+i'q

Because of z=G'x and u=1i'y, the covariance matrix is singular.

Assume that the distribution of (x' i €')' is multivariate normal. Let v be
any subvector of t = (X'E y' : z' ' u)' such that no element of v is defined to be
an exact linear function of the other elements of v. Then the distribution of v is
multivariate normal, and its mean vector and covariance matrix are the corre-
sponding subvector of E (t) and submatrix of V (t) .

It foolows that several conditional expectations are linear functions of the sub-
vector held constant. The following expressions will be useful later.

First, from the distribution of (x' i v'),

() E(y'|x")=0o'+x'B
This is a row vector of k equations, one for each E (yh ‘ x') . Because for every h
1 —_
E(y, Ix)=
E(y, [x")=

the k elements of (¢) can also be taken to be the equations for E (yh | x}‘l) .

Second, from the distribution of (z' u),

() E(ulz')y=y+2'6 ,
where 6=(G'SG)—1G'SB and
y=i'a+p [1-G(G'SG) T G'sTe

The g-vector 0 and the scalar y are non-stochastic.

Third, from the distributions of (z'

-] —
;xh), h=1,..., k,
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(Y E( |2y =0 +2'T
where ] = (G'SG)'1 G'S and
o' = [I1-G(G'se)ytars]
-1
Equation (g ) is a row vector of k row subvectors of equations, one for each

E (Xl'q‘ z'). The g x kq matrix [| and the kq-vector g are non-stochastic.

9.2.2 A counter-example

Consider an unweighted simple aggregation of k aspects indexed h=1,..., k.
The intercept regressor is the only regressor common to the aspects. There are
q observed micro regressors specific to each aspect. There are n > q + 1 units
of analysis.

The micro data form the n-rowed matrix
S S
1

The micro regressand k-column matrix is as in figure 3.2.2. The designed micro

[YIjiX1=[Y!jiX

regressor vector j consists of n unit elements. Each observed micro regressor
g-column submatrix )Ss: specific to an aspect, h=1,..., k, is as in Figure
3.2.1. Note that the order in X of the kq observed micro regressors specific to
the aspects, is different from that in the total micro regressor matrix X* of
3.2.2and 7.2.1.

The macro data form the n-rowed matrix
(uljiz]

There are q observed macro regressors Z . The regressor and regressand ag-.

gregating functions for observed data are as follows

G: Z =XG,
H: u=Yi,
where G and i are as defined in 9.2.1.
Assume that the observed micro data are generated as follows. Each row of
[X{Y] is a randomly drawn vector from the multivariate normal distribution
of (x' ! y') described in 9.2.1. The n rows are drawn independently of each

other.
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It follows that the aggregation has all the stochastic properties specified in
the formal analysis of chapters 4 to 8, with two modifications. First, the micro

and macro relations consist of regression models (2.3.4) rather than linear mod-

els. Second, the auxiliary regressions (4.3.3) are not model-free, but corre-

spond to auxiliary regression models.

The micro relation consists of k incomplete regression models, one for each

aspect. They can be written jointly
& E(Y|X)=jo' +XB ,

where ¢' and B are as in (¢) of 9.2.1,

The macro relation consists of the incomplete regression model
: E(u‘Z):j'y+Zé,

where y and 6 are as in (3) of 9.2.1,
The kq incomplete auxiliary regression models can be written jointly

a L E(X|Z)=j§8' +21 ,

-1
where § and [] are as in (g ) of 9.2.1.
Expectation according to the micro relation is expectation conditional upon
given micro regressor data. Expectation according to the macro relation is ex-

pectation conditional upon given macro regressor data. In symbols,
E_.()=E(|X) ,
s()=EC[X)
E_()=E(-|Z
g =ECID)

The columns of the macro regressor matrix [ j Z 1 are almost certainly

linearly independent. The complementary event occurs with probability zero.

9.2.3 Analysis of the consistency problem

Substitution of ¢ into H and of G into ¥ produces the semi-aggregated micro

and semi-disaggregated macro relations

He: E(Yi|X)=ja'i+XB ,
¥G: E(u|XG)=jy+XGo ,

where P is as defined in 9.2.1.
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Both H® and ¥G can be used to forecast the macro regressand vector u from
the observed micro regressor matrix X. As in P.4.2.6 the two forecasts are

identical linear functions of X if and only if

[5-5)

This vector equation holds if and only if, as in P.7.2.2, B= G£ for some g-vec-
tor £. For if B=G&, then B= G¢ for £=06. And conversely, the definitions of
6 and y imply that if B=G¢, then Go=P and y=0'i.

Mechanical application of the consistency problem of 4.2 would lead to the fol-
lowing conclusion: "Unless B = G¢ for some ¢, the micro and macro relations
¢ and ¥ are incompatible and cannot both be simultaneously valid." But this con-
clusion is wrong. In the counter-example, & and ¥ are both valid irrespective
of B.

Thus when the observed micro regressor data X are stochasticized, the con-
sistency problem and its solution as formulated in 4.2 somehow become inappli-
cable. Why this happens will now be explained.

When X is non-stochastic as in 4.2, H® and ¥G make statements of the fol-

lowing form.

H&: Em=f
vG: Ew =1

if f1 (X) # f2 (X) for some admissible X, H® and UG contradict each other.

Since G and H are not questioned, it can be concluded that & and ¥ are incom-

patible.
When X is stochastic as in 9.2, H® and ¥G make statements of the following

form.

Ha: E(u!X)=f1(X) ,
¥G: E(u\XG):fZ(X)

Because the events "X = XO” and "XG = XOG” are defined by different regions in
the sample space of X, the two statements are not comparable. That
f1 X) # f2 (X) does not mean that H® and ¥G contradict each other. No conclu-

sion can be drawn as to the compatibility of & and .
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9.2.4 Analysis of the expectational interpretation

Let Xo and Zo be such that Zo = XOG. Because the events '"'X = Xo” and

"X = Xo and Z = Zo" are by definition identical,

E(-|X=X_ and 2=2)=E(-|X=X )

Consequently, for any X and Z such that Z = XG,
E(-12)=E[E(-|X,2)|Z]=E[E(-]|X)|Z]

This rule will be used below.

Consider the model-free GLS(W) macro and auxiliary regressions, where W
is an arbitrary positive-defnite n x n matrix. Let the fitted macro and auxiliary
regressions be denoted

w=jab+zd°, ,
1 cA

Liix1=03{2) | ==
. N O
0 1 C

By the auxiliary regression models,

1
cA 8'
E Z = |- ,
(¢}
C T
A' o ) '
for ¢~ and C  are GLS estimates of §' and .
Below, X and Z denote the actual realized observed micro and macro regres-

sor matrices.

Mechanical application of the expectational interpretation of 4.4 leads to the
interpretation
0 e
: B

in accordance with P.4.4.3. If these implied micro parameter functions are re-

(e}
garded as macro parameters, 5% and GT , the comments of 8.1 apply.
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When the observed micro regressor data X are stochasticized, fhe following

modified expectational interpretation becomes possible, and more natural than

the original one.

i} F_i__?___e.i] a]
0: T L B

These implied micro parameter functions can be seen to be data-free in the sense
of 8.1.1. They can therefore be regarded as parameters.

By the definitions of g, I, v and §,

(][

Thus, the modified expectational interpretation derives the (macro) parameters
v and § from the semi-aggregated micro model H& and the auxiliary regression

-1
models G .

9.2.5 A derived macro relation

Let t be a linear function of X not involving Z. Then
E(t|2)=E[t|E(X|Z)]

This rule will be used below.

Consider the following chain of five equations, where X is understood to mean

"X such that XG= Z".

E(ul|Z) E(Yi|Z)=

= E[E(Yi|X)|Z]=
= E(jo'i+XB|Z)=
= jo'it(je' +zZmB=
= jy+29%

Consider also the following chain of five equations.
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E(u|Z)= E(Yil|Z)=
= E[Yi|E(X|2Z)]=
= jo'i+[E(X|Z)]lB=
= Jo'i+(jg' +ZmB=
= jy+tZ5b
The two chains finally agree.

In either chain, link no. 1 follows from H. Links no. 2 follow from the rules
for expectations stated in 9.2.4 and 9.2.5, respectively. In either chain, link
no. 3 follows from &, link no. 4 from G_1 , and link no. 5 from the definitions
of 8, 71, ¥ and §.

The equation twice established can be labelled

H@G_iz E(u|Z)=jy+26.

Thus under the assumptions of 9.2, the macro relation ¥ can be derived from
the regressand aggregating function H, the micro relation &, and the stochastic

regressor disaggregating functions G_1 . In symbols,

-1
¥ =HaG .
Cf. \IIT = HaA of 8.1.3.
The counter-example cannot be generalized to micro regressor data with an
arbitrary probability distribution, nor to any type of aggregation of regression
data. Nevertheless, it sheds new light on the fundamental questions indicated in

1.3.3 and 8.1.2 above.
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